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P R E F A C E 

Th i s book is an ou tg rowth of a c t i v i t i e s of the B e n c h ­
m a r k P r o b l e m C o m m i t t e e of the M a t h e m a t i c s and C o m p u t a ­
t ion Div i s ion of the A m e r i c a n N u c l e a r Soc ie ty . After m u c h 
d i s c u s s i o n and c o n s i d e r a t i o n of s a m p l e b e n c h m a r k p r o b l e m s , 
the c o m m i t t e e dec ided to r e s t r i c t th is pub l ica t ion to a s p e ­
cific a r e a which e n c o m p a s s e s a m a j o r po r t ion of r e a c t o r -
p h y s i c s c o m p u t a t i o n s . 

The ob jec t ives and t h e i r i m p l e m e n t a t i o n a r e d e s c r i b e d 
in the i n t r o d u c t o r y m a t e r i a l . A few s a m p l e b e n c h m a r k p r o b ­
l e m s p r e p a r e d by c o m m i t t e e m e m b e r s w e r e inc luded in the 
in i t i a l book ske le ton . The r e v i s i o n c o n s i s t s of addi t iona l 
p r o b l e m s . 

The s t r u c t u r e and m e c h a n i s m for m a i n t a i n i n g th i s 
book w e r e des igned to fac i l i t a te use of the b e n c h m a r k p r o b ­
l e m s in a v a r i e t y of ways without e x c e s s i v e p a p e r w o r k . T h i s 
is an a t t e m p t to e s t a b l i s h a w o r k a b l e f r a m e w o r k upon which 
th i s and o the r b e n c h m a r k p r o b l e m books may be deve loped . 
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K. L a t h r o p (GGA) E. L. F u l l e r (ANL) 
W. T u r n e r (KAPL) H. G r e e n s p a n (ANL) 
D. Vondy (ORNL) B. A. Hutch ins (GE-San J o s e ) 
E. W a c h s p r e s s (KAPL) , D. Mene ley ( O - H y d r o ) , 

C h a i r m a n C h a i r m a n 
W. H. Rhyne (NFS) 
D. Vondy (ORNL) 
M. R. Wagner (S iemens ) 
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Boundary conditions 
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Rigid adherence to any form might hinder rather than aid the 
specification of benchmark problems. For this reason, format guidelines 
rather than standard forms have been presented for general use. 
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IV. BENCHMARK P R O B L E M S 

S o u r c e S i tua t ions 

1. S m a l l S p h e r i c a l C r i t i c a l E x p e r i m e n t 

2. A H i g h - t e m p e r a t u r e G a s - c o o l e d R e a c t o r Conf igura t ion 

3. An Ana ly t i ca l 2-D Mul t i g roup Diffusion P r o b l e m 

4. A S imple Highly N o n s e p a r a b l e R e a c t o r 

5. T w o - d i m e n s i o n a l I so la t ed S o u r c e in an A b s o r b i n g M e d i u m 

6. Infinite Slab R e a c t o r Model 

7. M o n o e n e r g e t i c Poin t R e a c t o r Model 
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E x p e c t e d P r i m a r y R e s u l t s 

1. M u l t i p l i c a t i o n fac to r 

2. A p p a r e n t a s y m p t o t i c c o n v e r g e n c e r a t e 

3. N u m b e r of i t e r a t i o n s , to ta l and ou te r 

4. M a c h i n e t i m e (total and i t e r a t i o n only) 

5. Ra t io of s u r f a c e l e akage to to ta l l o s s e s by e n e r g y g r o u p 

P o s s i b l e Addi t iona l R e s u l t s 

1. Dependence of r e s u l t s on s p a c e a n d / o r a n g u l a r q u a d r a t u r e 

s c h e m e 

2. Dependence of execu t ion t i m e on n u m e r i c a l r e f i n e m e n t of 
so lu t ion 

3. S c a l a r and angu la r f luxes 

Bes t Solut ion A v a i l a b l e : C o n v e r g e d i n t e g r a l equa t ion so lu t ion 

R e f e r e n c e 

1. G. E. H a n s e n and W. H. Roach , Six and S ix teen G r o u p C r o s s 
S e c t i o n s for F a s t and I n t e r m e d i a t e C r i t i c a l A s s e m b l i e s . Los A l a m o s 
Sc ien t i f i c L a b o r a t o r y R e p o r t LAMS-2543 (Dec 1961). 

Solu t ions 

1. D i s c r e t e O r d i n a t e s : 1 - A l - l , l - A l - 2 , l - A l - 3 , and l - A l - 4 

2. Monte C a r l o : l - A l - 5 

3. I n t e g r a l T r a n s p o r t T h e o r y : l - A l - 6 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion: 1 - A l - l B e n c h m a r k P r o b l e m ID. 1-AI 

Date Submi t t ed : Ju ly 1966 By: K. D. L a t h r o p (GGA) 
(Name and O r g a n i z a t i o n ) 

Date Accep t ed : August 1, 1966 By: D. R. Vondy (ORNL) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : Mu l t i g roup D i s c r e t e O r d i n a t e s Ca lcu la t ion 

M a t h e m a t i c a l Model : D i s c r e t e o r d i n a t e s , ' d i amond d i f f e rence s c h e m e , 
m u l t i g r o u p solut ion of t r a n s p o r t equa t ion 

P e r t i n e n t F e a t u r e s of T e c h n i q u e s Used 

G a u s s L e g e n d r e q u a d r a t u r e , ^ u n i f o r m s p a c e m e s h . Group r e ­
ba l anc ing . Re l a t i ve change in po in twise s c a l a r flux r e q u i r e d to be l e s s 
than 10" over e n t i r e s y s t e m for c o n v e r g e n c e . 

C o m p u t e r : IBM-7030 Date Solved: Ju ly 1966 

a t : Los A l a m o s 
( Ins ta l l a t ion) 

P r o g r a m : D T F - I V 

R e f e r e n c e s 

1. K. D. L a t h r o p , D T F - I V , A F o r t r a n - I V P r o g r a m for Solving the 
Mul t ig roup T r a n s p o r t Equat ion with An i so t rop ic S c a t t e r i n g , Los A l a m o s 
Scientif ic L a b o r a t o r y R e p o r t LA-3373 (Nov 1965). 

2. M. A b r a m o w i t z and 1. A Stegun, E d s . , Handbook of M a t h e m a t i c a l 
F u n c t i o n s , NBS, Appl. Math. Sci . 5^, USGPO, Washington , pp. 916-919 (1964). 

P r i m a r y R e s u l t s (Space i n t e r v a l s 40, angu la r q u a d r a t u r e o r d e r 16) 

1. Mul t ip l i ca t ion factor 0.996679 

2. Apparen t a s y m p t o t i c c o n v e r g e n c e r a t e ( r e c i p r o c a l of the n u m b e r 
of i t e r a t i o n s r e q u i r e d to r e d u c e appa ren t abso lu te e r r o r by a fac tor of e) 
0.80 b a s e d on ou te r i t e r a t i o n s 

3. N u m b e r of i t e r a t i o n s , 761 to ta l , 17 ou t e r , w h e r e total counts 
each g roup indiv idual ly 
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Results 

CASE 

N e u t r o n H i s t o r i e s Fo l lowed 

C a l c u l a t e d Mul t i p l i ca t i on 
F a c t o r 

S t a t i s t i c a l E r r o r Bound 
(1 S t a n d a r d Devia t ion) 

Su r f ace L e a k a g e G r o u p 
1 

2 

3 

4 

5 
6 

Tota l 

A b s o r p t i o n G r o u p 
1 

2 

3 

4 

5 
6 

Tota l 

C o m p u t e r 

Mach ine T i m e , min 

5A 

32,56S 

0.99724 

0.00690 

0.078102 
0.14799 
0.089853 
0.14564 
0.094199 
0.010560 

0 .56635 

0.050351 
0.096839 
0.062037 
0 .10283 
0 .094746 
0.026850 

0 .43365 

360/50 

1(1 

5 B 

187,875 

0.991 116 

0.00286 

0.080570 
0.14798 
0 .090335 
0.14842 
0.092197 
0.010742 

0 .57025 

0 .049825 
0.096216 
0.061383 
0 .10215 
0 094268 
0.02591 1 

0 .42975 

3 6 0 / 7 5 

10 

5C 

467,100 

0 .99457b 

0.00193 

0.080009 
0.14672 
0 .091038 
0.14740 
0 .092545 
0 01 1102 

0.56882 

0.049341 
0.096611 
0 .060525 
0.10338 
0 .095655 
0.025670 

0.431 18 

360 /7 5 

19 

5D 

3,290.000 

0 .995246 

0 .00072 

0 .079898 
0 .14686 
0 .09125 
0 .14771 
0 .091483 
0.011301 

0.56851 

0 .049843 
0 .096384 
0 .060585 
0.10389 
0 .095242 
0.025550 

0.4 3149 

3 6 0 / 7 5 

120 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion : l - A l - 6 B e n c h m a r k P r o b l e m ID. 1-AI 

Date Submi t ted : D e c e m b e r 1968 By: I. C a r l v i k (AE) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted : Oc tobe r 1972 By: D. A. M e n e l e y (Onta r io Hydro) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : D i s c r e t e I n t e g r a l T r a n s p o r t Ca lcu la t ion 

M a t h e m a t i c a l Model 

D i s c r e t e i n t e g r a l t r a n s p o r t t h e o r y us ing po in t - to -po in t t r a n s p o r t 
k e r n e l s . ' 

P e r t i n e n t F e a t u r e s of Solut ion Methods 

1. The e l e m e n t s of the t r a n s p o r t k e r n e l s a r e ca l cu l a t ed by m e a n s 
of G a u s s i a n q u a d r a t u r e . The a c c u r a c y of this q u a d r a t u r e may be t e s t e d by 
va ry ing the n u m b e r of points used by the i n t eg ra t i on rou t i ne . 

2. Ref l ec t ive , whi te , or vacuum boundary condi t ions m a y be appl ied 
at the ou te r ce l l bounda ry . 

C o m p u t e r : IBM-7044 Date Solved: D e c e m b e r 1968 

at : AE 

P r o g r a m : FLUBAG^ 

R e f e r e n c e s 

1. I. C a r l v i k , I n t e g r a l T r a n s p o r t T h e o r y in O n e - D i m e n s i o n a l 
G e o m e t r i e s , Nukleonik J_0, 104-119 (1967). 

2. A. Ahlin, I n s t r u c t i o n s for the Use of the FLUBAG and F L U P 
P r o g r a m m e s , AB A t o m e n e r g i R e p o r t R F N - 2 1 9 (1966). 

R e s u l t s 

EXHIBIT A E i g e n v a l u e s and comput ing t i m e s for F L U B A G c a l c u ­
la t ion . The t w o - r e g i o n r e s u l t s w e r e obta ined with a r eg ion bounda ry p laced 
a r b i t r a r i l y at a r a d i u s of 6.5 cm. " N u m b e r of i t e r a t i o n s " r e f e r s to the n u m ­
b e r r e q u i r e d for ca lcu la t ion of t h r e e s u c c e s s i v e e igenva lues within e = 10"^. 
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EXHIBIT B A v e r a g e f luxes and r a t io of s u r f a c e l e a k a g e to t o t a l 
l o s s e s (in a l l g r o u p s ) for the 40 -po in t c a s e of EXHIBIT A. 

EXHIBIT C Inf luence of v a r y i n g q u a d r a t u r e l i m i t s {lA, IM) and 

e igenva lue c o n v e r g e n c e c r i t e r i o n , e. 

EXHIBIT D P lo t of e i genva lue vs ( 8 / N ) ' , w h e r e N is the n u m ­
b e r of s p a c e poin ts in the p r o b l e m . L i n e a r e x t r a p o l a t i o n to N = " r e s u l t s 
in an e igenvalue e s t i m a t e of 0 .995971 . The b e s t e x t i m a t e , cons ider ing 
n u m e r i c a l and plot t ing u n c e r t a i n t i e s , i s 0 .995970 ± 0 .000003 . 

EXHIBIT E E i g e n v a l u e vs compu t ing t i m e for a n u m b e r of 
d i f fe ren t m e t h o d s app l ied to the b e n c h m a r k p r o b l e m . 

EXHIBIT A 

kgff and Computing Times 

Number 
of Space 

Points 

B 

12 

16 (8 + 8) 

20 

24 (12+ 12) 

32 (16 + 16) 

40 (20 + 20) 

keff 

.997480 

.996465 

.996184 

.996083 

.996037 

O n e R e 

No. of 
I te ra t ions 

64 

64 

64 

64 

64 

gion 

Total 
Time 
(min) 

0.244 

0.391 

0.581 

0.818 

1.094 

I terat ion 
Time 
(min) 

0.127 

0.233 

0.370 

0.536 

0.733 

EXHIBIT B 

keff 

.996208 

.996042 

.'»fl6000 

.995986 

Two Reg 

No. of 
I tera t ions 

60 

60 

60 

60 

ions 

Total 
T ime 
(min) 

0.597 

1.075 

1.755 

2.608 

Iteration 
Time 
(nnin) 

0.347 

0.687 

1.140 

1.705 

Average Flux and Ratio of Surface Leakage to Total 
Los se s by Energy Group for the 40-point Case 

Group 

1 

2 

3 

4 

5 

6 

Average 
Flux 

3.586603 

6.714589 

4.212351 

7.080458 

5.289965 

0.794566 

Ratio of 
Surface Leakage 
to Total Losses 

0.080049 

0.146978 

0.091289 

0.147314 

0.091788 

0.011233 

0.568651 



23.3 

EXHIBIT C 

Comparison with Calculations with Increased Numerical Accuracy 

N u m b e r 
Space P o 

8 

12 

16 

20 

24 

of 
in ts 

l A 
S t a n d a r d 
= 2, I M = 5 
e = 10"^ 

0 .997480 

0 .996455 

0 .996184 

0 .996083 

0 .996037 

l A 

ke f f 

= 3, I M = 7 
e = 10-^ 

0 .997477 

0 .996456 

0 .996185 

0 .996084 

0 .996038 

l A = 3, I M = 7 
e = 1 0 " ' 

0 .997480 

0 .996454 

0 .996183 

0 .996082 

0 .996037 

J8/N)3 

EXHIBIT D 

Extrapolation to N 
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0.999 

0.998-

0.997-

ke« 

0.996-

LATHROP 
DTF IV 

GREENSPAN 
SNARG 10 

ENGLE 
ANISN 

PRESENT WORK 
FLUBAG 

IBM 7030 

CDC 3600 

IBM 360/75 

IBM 7044 

COMPUTING TIME MINUTES 

EXHIBIT E 

kgff vs Computing Time 
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BENCHMARK SOURCE SITUATION 

Iden t i f i ca t ion : 2 
(To be filled in by B e n c h m a r k C o m m i t t e e ) 

Date Submi t t ed : Augus t 1966 By: R e i m a r F r o e h l i c h (GGA) 
(Name and O r g a n i z a t i o n ) 

Date Adopted: N o v e m b e r 1967 By: Eugene W a c h s p r e s s (KAPL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : H i g h - t e m p e r a t u r e G a s - c o o l e d R e a c t o r P r o b l e m 

Sugges ted Func t ion : Des igned to t e s t c a p a b i l i t i e s of m u l t i g r o u p p r o g r a m s 

Conf igura t ion 

T h r e e - d i m e n s i o n a l conf igura t ion inc luding s p a c e d i m e n s i o n s and 
r eg ion n u m b e r s (two f igu res ) 

Fig. 1. (r,e ) Picture 



J I 
ZJ-
2 6 
Zi -
24 
2 3 
2 2 
Zi 
2U 
^ 9 
18 
17 

61 
H.iiitiiB 
8 .5*130 
i l » 7 « i l * 
9 .23379 
9.fi77«3 

10 .75032 
;X.867tfc 
13.22177 
10 .75127 
16.2Hi.fr5 
\ 7 .4( .hl7 

16 17.»99Me 
as ib-iiJ** 
1» 8.07337 
J.1 j*a5Z5a 
12 3.53218 
II 3.7>,?3'i 
10 «.0H555 
a «.i<iMn7 
e ».67973 

6 5.13560 
5 5.30776 
4 5.44209 

http://16.2Hi.fr5
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BENCHMARK SOURCE SITUATION 

Iden t i f i ca t ion : 5 
(To be f i l led in by B e n c h m a r k C o m m i t t e e ) 

Date S u b m i t t e d : A p r i l 1970 

Date Adopted : Ju ly 1970 

By: E. M. G e l b a r d (BAPL) 
(Name and O r g a n i z a t i o n ) 

By: R. F r o e h l i c h (GGA) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : T w o - d i m e n s i o n a l I s o l a t e d S o u r c e in an A b s o r b i n g 
M e d i u m 

S u g g e s t e d F u n c t i o n : P r o v i d e S e v e r e T e s t of T w o - d i m e n s i o n a l T r a n s p o r t 
P r o g r a m s 

Conf igu ra t i on 

140 cm 

60 cm • 

Homogeneous 
Material Composition 
Throughout 

Spatially 
Constant 
Source 
in This Region 

65 cm 133 cm 
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Iden t i f i ca t ion : 5 -Al 

Date S u b m i t t e d : A p r i l 1970 

Date A c c e p t e d : Ju ly 1970 

BENCHMARK P R O B L E M 

S o u r c e S i tua t ion ID. 5 

By: E. M. G e l b a r d (BAPL) and 
B. C r a w f o r d (KAPL) 
(Name and O r g a n i z a t i o n ) 

By: R. F r o e h l i c h (GGA) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : M u l t i g r o u p T w o - d i m e n s i o n a l T r a n s p o r t 

Reduc t ion of S o u r c e P r o b l e m : 

1. M u l t i g r o u p a p p r o x i m a t i o n m a d e 

2. I s o t r o p i c s c a t t e r i n g a s s u m e d 

3. x,y g e o m e t r y 

4. B o u n d a r y condi t ions a s shown 

Conf igu ra t ion 

y 

140 cm 

Reflecting 
Boundary 

60 cm 

Reflecting Boundary 

Homogeneous 
Material Composition 
Throughout 

Spatially 
Constant 
Source 
in This Region 

65 cm 

Reflecting Boundary 

Vacuum 
Boundary 

133 cm 
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Data 

I s o t r o p i c c r o s s s e c t i o n s ( c m " ' ) and s o u r c e d e n s i t y ( n e u t r o n s / c m ^ ) 

Group 1 Group 2 

^a 0.061723 0.096027 

vEf 0.0 0.0 

^̂ t 0.092104 0.100877 

^l^^ 0.006947 0.004850 

^lo"' '*^ 0.0 0.023434 

S o u r c e dens i t y 0.0065460 0.017701 

E x p e c t e d P r i m a r y R e s u l t s 

1. S c a l a r flux in each g roup along h o r i z o n t a l and v e r t i c a l l i ne s 

2. To ta l r ight l eakage in each g roup 

3. N u m b e r of i t e r a t i o n s in each g r o u p 

4. To ta l m a c h i n e t i m e 

P o s s i b l e Addi t iona l R e s u l t s 

1. Dependence of r e s u l t s and m a c h i n e t i m e on: 

a. s p a c e m e s h 

b. a n g u l a r a p p r o x i m a t i o n 

c. d i f f e rence s c h e m e s 

2. S c a l a r flux along s e l e c t e d l i nes 

Bes t Solut ion A v a i l a b l e : P , , s p h e r i c a l h a r m o n i c s so lu t ion for s c a l a r flux 

$g(x,y = 8 0 ) x = 0(1)133 g = 1,3 

*g(x,y = 139) X = 0(1)133 g = 1,2 

^g(x,y = 140) X = 0(1)133 g = 1,2 



Solutions 

1. Spherical Harmonics: 5 -Al- l 

2. Discrete Ordinates: 5-A1-2, 5-A1-3 
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BENCHMARK P R O B L E M SOLUTION 

Iden t i f i ca t ion : 5 - A l - l B e n c h m a r k P r o b l e m ID. 5-AI 

Date Submi t t ed : A p r i l 1970 By: E. M. G e l b a r d (BAPL) and 
B. Crawford (KAPL) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted : July 1970 By: R. F r o e h l i c h (GGA) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : T w o - g r o u p T w o - d i m e n s i o n a l T r a n s p o r t in (x,y) G e o m e t r y 

M a t h e m a t i c a l Model 

G r e e n ' s funct ions a r e c a l c u l a t e d i r o m a s p h e r i c a l h a r m o n i c s (P19) 
a p p r o x i m a t i o n . The so lu t ion at each point of i n t e r e s t is ob ta ined by i n t e g r a ­
t ion ove r s o u r c e r e g i o n s . 

P e r t i n e n t F e a t u r e s of Solut ion Method 

1. E a c h g r o u p - k e r n e l i s t abu la t ed a s a function of the m e a n f ree 
pa th of g roup 1 with a t ab le spac ing of 0 .01 . L i n e a r i n t e r p o l a t i o n is p e r ­
f o r m e d in th i s t ab l e given the d i s t a n c e f rom the flux point to the s o u r c e 
point . T r a p e z o i d a l i n t eg ra t i on of s o u r c e point con t r i bu t ions is c a r r i e d out 
o v e r each s o u r c e domain to obta in the t o t a l flux. 

2. Con t r ibu t ions to the flux a r e computed f rom only the four n e a r e s t 
s o u r c e s . 

3. The p r o b l e m w a s solved with a r e f l ec t i ve r ight boundary . T h e r e ­
fo re , f luxes at those po in t s which a r e wi th in a few m e a n f ree pa th s of the 
r ight bounda ry should not be c o n s i d e r e d a s r e f e r e n c e va lues for the b e n c h ­
m a r k p r o b l e m as s ta ted . 

C o m p u t e r : CDC-6600 Date Solved: Apr i l 1970 

a t : B A P L 

P r o g r a m : BE27 

R e f e r e n c e 

R. B. F i s c h e r and E. M. Gelbard , . B E 2 7 - - A T w o - G r o u p X-Y G e o m e ­
t r y T r a n s p o r t P r o g r a m for Deep P e n e t r a t i n g Homogeneous Media , Be t t i s 
A t o m i c P o w e r L a b o r a t o r y R e p o r t W A P D - T M - 9 4 9 (1970). 
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Results 

EXHIBIT A Scalar flux solutions for groups 1 and 2 on lines y = 80, 
y = 139, and y = 140 cm for x = 0(1)133 cm. 
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EXHIBIT A 

Y=80. EXACT SOLUTION GROUP 1 PO XY 

.19547E-02 .19546E-02 .19545E-02 .19544E-02 .19541E-02 .19538E-02 

.1953SE-02 .19530E-02 .19525E-02 .19519E-02 .19512E-02 .19504E-02 

.19495E-02 .19485E-02 .19474E-02 .19462E-02 .19448E-02 .19432E-02 

.19415E-02 .19396E-02 .19376E-02 .193S3E-02 .19327E-02 .19299E-02 

.19269E-02 .1923SE-02 .19198E-02 .19157E-02 .19112E-02 .19063E-02 

.19009E-02 .18951E-02 .18886E-02 .18815E-02 .18738E-02 .18654E-02 

.18562E-02 .18461E-02 .18352E-02 .18233E-02 .18103E-02 .17962E-02 

.17809E-02 .17643E-02 .17463E-02 .17269E-02 .17060E-02 .16834E-02 

.16592E-02 .16332E-02 .16053E-02 .15756E-02 .15440E-02 .15104E-02 

.147S0E-02 .14375E-02 .13982E-02 .13571E-02 .13143E-02 .12699E-02 

.12241E-02 .11770E-02 .11289E-02 .in799E-02 .10305E-02 .98076E-03 

.93104E-03 .88158E-03 .83267E-03 .78456E-03 .73747E-03 .69163E-03 

.64722E-03 .60440E-03 .56329E-03 .52399E-03 .48657E-03 .45108E-03 

.417S2E-03 .38S90E-03 .35620E-03 .32837E-03 .30236E-03 .27811E-03 

.255S5E-03 .23460E-03 .21519E-03 .19723E-03 .18064E-03 .16533E-03 

.15122E-03 .13824E-03 .12631E-03 .11536E-03 .10531E-03 .96092E-04 

.87653E-04 .79929E-04 .72864E-04 .66406E-04 .60507E-04 .55121E-04 

.50206E-04 .45723E-04 .41637E-04 .3791SE-04 .34524E-04 .31438E-04 

.28631E-04 .26078E-C4 .23759E-04 .21652E-04 .19741E-04 .18007E-04 

.16437E-04 .1S016E-04 .13731E-04 .12572E-Q4 .11528E-04 .10590E-04 

.97487E-05 .89972E-05 .83286E-05 .77368E-05 .72164E-0S .67629E-05 

.63719E-05 .60400E-05 .S7642E-05 .55418E-05 .53710E-05 .52S00E-05 

.51779E-0S .S1S40E-05 

Y=80. EXACT SOLUTION GROUP 2 PO XY 

.45559E-02 .45558E-02 .45556E-02 .45553E-02 .45549E-02 .45543E-02 

.45S36E-02 .45528E-02 .45518E-02 .45506E-02 .45492E-02 .45477E-02 

.45460E-02 .45440E-02 .45418E-02 .45393E-02 .45365E-02 .45335E-02 
,45300E-02 .45262E-02 .45220E-02 .45173E-02 .45121E-02 .45064E-02 
,4S000E-02 .44930E-02 .44853E-02 .44767E-02 .44673E-02 .44S69E-02 
.444S4E-02 .44328E-02 .44189E-02 .44036E-02 .43868E-02 .43684E-02 
.43482E-02 .43260E-02 .43017E-02 .42751E-02 .42461E-02 .42144E-02 
.41798E-02 .41421E-02 .41012E-02 .40567E-02 .40086E-02 .39565E-02 
.39003E-02 .38398E-02 .37748E-02 .37052E-02 .36309E-02 .35517E-02 
.34678E-02 .33790E-02 .328S5E-02 .31875E-02 .30852E-02 .29789E-02 
.28690E-02 .27559E-02 .26403E-02 .25226E-02 .24036E-02 .22838E-02 
.21641E-02 .20450E-02 .19274E-02 .18117E-02 .16986E-02 .15887E-02 
.14824E-02 .13801E-02 .12821E-02 .11886E-02 .10999E-02 .10159E-02 
.93675E-03 .86241E-03 .79280E-03 .72782E-03 .66731E-03 .61111E-03 
.55903E-03 .51087E-03 .46643E-03 .42548E-03 .38781E-03 .35322E-03 
.32150E-03 .29244E-03 .26586E-03 .24156E-03 .21938E-03 .19914E-03 
.18C70E-03 .16390E-03 .14861E-03 .13471E-03 .12208E-03 .11060E-03 
.10019E-03 .90735E-04 .82163E-04 .74394E-04 .673S6E-04 60982E-04 
.55214E-04 .49996E-04 .45279E-04 .41016E-04 .37168E-04 33696E-04 
.30565E-04 .27746E-04 .25210E-04 .22932E-04 .20889E-04 .19061E-04 
.17429E-04 .15976E-04 .14689E-04 .13554E-04 .12559E-04 .11694E-04 
.10951E-04 .10322E-04 .97999E-05 .93800E-05 .90577E-05 .88299E-05 
.86941E-05 .86490E-05 
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EXHIBIT A (continued) 

Y=139. EXACT SOLUTION GROUP 1 ^ X Y 

.61185E-05 

.60985E-05 

.60373E-05 

.59311E-05 

.57746E-05 

.55618E-05 

.52879E-05 

.49508E-05 

.4S531E-05 

.41033E-05 

.36158E-05 

.31101E-05 

.26079E-05 

.21307E-05 

.16964E-05 

.13173E-05) 

.99963E-06 

.74411E-06 

.54708E-06 

.40255E-06 
L30386E-06 
.24516E-06 
.22234E-06 ) 

.61179E-05 

.60912E-05 

.60228E-05 

.59086E-05' 

.57432E-05 

.55205E-05 

.52361E-05 

.48886E-05 

.44814E-05 

.40242E-05 

.35322E-05 

.30255E-05 

.25261E-05 

.20550E-OS 

.16291E-05 

.12600E-05 

.95279E-06 

.70735E-06 

.51953E-06 

.38309E-06 

.29144E-06 

.23894E-06 

.22187E-06 

.61163E-05 

.60828E-05 

.60071E-05 

.58848E-05 

.57102E-05 

.54775E-05 

.51825E-05 

.48247E-05 

.44083E-05 

.39441E-05 

.34482E-05 

.29412E-05 

.24451E-05 

.19805E-05 

.15654E-05 

.12044E-05 

.90767E-06 

.67220E-06 

.49340E-06 

.36487E-06 

.28010E-06 

.23370E-06 

.61135E-05 

.60732E-05 

.59901E-05 

.58595E-0S 

.56756E-05 

.54327E-05 

.51272E-05 

.47591E-05 

.43339E-05 

.38631E-05 

.33639E-05 

.28572E-05 

.23650E-05 

.19073E-05 

.14994E-05 

.11506E-05 

.86426E-06 

.63862E-06 

.46867E-06 

.34787E-C6 

.26982E-06 

.22943E-06 

.61096E-05 

.60624E-05 

.59718E-05 

.58327E-05 

.56393E-05 

.53862E-05 

.50701E-05 

.46920E-05 

.42582E-05 

.37813E-05 

.32793E-05 

.27735E-05 

.22858E-05 

.18355E-05 
,14370E-05 
.10985E-05 
.82254E-06 

.61046E-05 

.60505E-05 

.59521E-05 

.58044E-05 

.56014E-05 

.53379E-05 

.50113E-05 

.46233E-05 

.41813E-05 

.36989E-05 

.31947E-05 

.26904E-05 

.22077E-05 

.17652E-05 

.13763E-05 
,10482E-05 
,78250E-06 

.60660E-06)l.57609E-06 

.44531E-06 .42327E-06 

.55205E-06 

.26058E-06 

.22612E-06 

31739E-06; 
.25236E-06 
.22376E-06 

Y=139. EXACT SOLUTION GROUP 2 PO XY 

99238E-
98930E-
97980E-
96322E-
93855E-
90463E-
86048E-
80560E-
74030E-
66594E-
58500E-
50086E-
41735E-
33823E-
26659E-
20454E-
15304E-
11207E 
80851E 
58222E 
42940E 
35927E 
30443E 

05 
05 
05 
05 
05 
•05 
05 
05 
•05 
•05 
•05 
•05 
•05 
-05 
-05 
•05 
-05 
-05 
-06 
-06 
-06 
-06 
-06 

.99229E-

.98817E-

.97756E-

.95970E-

.93356E-

.89800E-

.85209E-

.79542E-

.72848E-

.65282E-

.57110E-

.48679E-

.40377E-

.32570E-

.25554E-

.19521E-

.14550E-

.10622E 

.76517E-

.55197E 

.41027E 

.32977E 

.30371E 

OS 
05 
05 
05 
05 
05 
•05 
•05 
•05 
•05 
•05 
•05 
•05 
•05 
-05 
-05 
-05 
-05 
-06 
-06 
-06 
-06 
-06 

.99204E-

.98687E-

.97511E-

.95595E-

.92832E-

.89109E-

.84339E-

.78495E-

.71642E-

.63954E-

.55712E-

.47276E^ 

.39032E^ 

.31339E-

.24477E^ 

.18618E^ 

.13824E-

.10063E 

.72416E 

.52371E 

.39284E 

.32176E 

05 
05 
05 
05 
05 
05 
05 
•05 
•05 
•05 
•OS 
•OS 
•OS 
-05 
-OS 
-OS 
-05 
-05 
-06 
-06 
-06 
-06 

.99161E-

.99S38E-

.97246E-

.95197E-

.92281E-

.88388E-

.83439E-

.77419E-

. 70412E-

.62610E-

.S4309E-

.45878E-

.37703E-

.30132E^ 

.23428E^ 

.17745E^ 

.13128E 

.9S308E 

.68542E 

.49757E 

.37706E 

.31S24E 

05 
05 
05 
05 
05 
OS 
OS 
•05 
•OS 
•05 
•05 
•05 
•05 
•OS 
•OS 
•OS 
-05 
-06 
-06 
-06 
-06 
-06 

.99101E-

.98371E-

.96960E-

.94774E-

.9I703E-

.87638E-

.82509E-

.76316E-

.69160E-

.61252E^ 

.52903E^ 

.44488E^ 

.36391E^ 

.28949E^ 

.22408E 

.16902E 

.12459E 

.90241E 

.64889E 

.47290E 

.36289E 

.31019E 

OS 
OS 
OS 
05 
•05 
•OS 
•05 
•05 
•05 
•05 
•05 
•05 
-05 
-05 
-05 
-05 
-OS 
-06 
-06 
-06 
-06 
-06 

.99024E-

.98186E-

.966S2E-

.94327E-

.91097E-

.86858E-

.81S49E-

.75186E-

.67887E-

.59881E^ 

.51494E^ 

.43106E^ 

.35097E 

.27791E 

.21416E 

.16088E 

.11819E 

.85423E 

.61451E 

.4S026E 

.35031E 

.30659E 

05 

05 
05 
05 
05 
05 
•05 
•05 
•05 
•05 
•05 
•05 
•05 
-05 
-05 
-05 
-05 
-06 
-06 
-06 
-06 
-06 



EXHIBIT A (continued) 

Y=140. EXACT SOLUTION GROUP 1 PO XY 

.60863E-05 .60857E-05 .60841E-05 .60813E-05 .60775E-05 .6072SE-05 

.60664E-04 .60591E-05 .60S07E-05 .60412E-05 .60305E-05 .6018SE-0S 

.60054E-05 .59910E-05 .59754E-0S .59584E-05 .S9402E-05 .59206E-05 

.58997E-05 .58773E-0S .58536E-05 .S8284E-05 .58017E-05 .S7736E-05 

.57439E-05 .57126E-0S .56798E-05 .56453E-05 .56093E-05 .55715E-05 

.55321E-05 .54910E-05 .S4482E-05 .54037E-OS .53574E-0S .53094E-05 

.525y6E-05 .52081E-05 .51548E-0S .S0998E-05 .50430E-05 .49845E-05 

.49243E-0S .48624E-05 .47988E-0S .47337E-05 .46669E-05 .45986E-05 

.4S288E-0S .4457SE-0S .43848E-05 .43108E-0S .42356E-05 .41S91E-0S 

.4081SE-05 .40028E-05 .39232E-05 .38427E-05 .37614E-05 .36794E-05 

.35968E-0S .35137E-05 .34302E-05 .33464E-0S .32623E-0S .31782E-05 

.30941E-05 .30100E-05 .29262E-05 .28426E-05 .27595E-05 .26769E-05 

.25948E-05 .2513SE-05 .24330E-05 .23S33E-05 .22746E-0S .21969E-0S 

.21204E-05 .20450E-05 .19709E-05 .18982E-05 .18268E-05 .17569E-05 

.1688SE-05 .16216E-05 .15562E-05 .14925E-0S .1430SE-05 .13701E-05 

.13114E-05 .12S44E-05 .11991E-05 .11456E-05 .10938E-05 .10437E-05 

.99542E-06 .94881E-06 .90391E-06 .86072E-06 .81921E-06 .77936E-06 

.74116E-06 .70457E-06 .669S9E-06 .63617E-06 .60430E-06 .57393E-06 

.5450SE--6 .51762E-06 .49162E-06 .46700E-06 .44374E-06 .42180E-06 

.40116E-06 .38179E-06 .3636SE-06 .34672E-06 .33097E-06 .31637E-06 

.30290E-06 .29058E-06 .27923E-06 .26899E-06 .25979E-06 .25161E-06 

.24443E-06 .23824E-06 .23303E-06 .22877E-06 .22547E-06 .22312E-06 

.22171E-06 .22124E-06 

Y=140. EXACT SOLUTION GROUP 2 PO XY 

.98655E-05 .98647E-05 .98621E-05 .08579E-05 .98519E-05 .98442E-05 
,98348E-05 .98236E-05 .98107E-05 .97959E-05 .97792E-05 .97607E-05 
.97403E-05 .97180E-05 .96936E-05 .96672E-05 .96387E-05 .96081E-05 
.95753E-05 .95403E-05 .9S030E-05 .94633E-05 .94213E-05 .93768E-05 
.93298E-05 .92803E-05 .92281E-05 .91733E-05 .91158E-05 .90555E-05 
.89924E-05 .89266E-05 .88578E-05 .87861E-05 .87115E-05 .86340E-05 
.85S3SE-0S .84700E-05 .8383SE-0S .82940E-05 .82016E-05 .81062E-05 
.80079E-0S .79067E-05 .78026E-0S .76957E-05 .7S861E-05 .74737E-05 
.73588E-05 .72414E-05 .71215E-0S .69993E-05 .68749E-05 .67484E-05 
.66199E-05 .64896E-05 .63576E-0S .62240E-05 .60891E-05 .59529E-05 
.58157E-05 .56776E-05 .55387E-05 .S3994E-05 .52596E-05 .51197E-0S 
.49797E-05 .48400E-05 .47006E-05 .45617E-05 .44236E-05 .42863E-0S 
.41501E-05 .40151E-05 .38815E-05 .37494E-05 .36191E-05 .34905E-0S 
.33639E-05 .32394E-05 .31171E-05 .29971E-05 .28795E-05 .27645E-05 
.26520E-05 .25422E-05 .24351E-05 .23308E-05 .22294E-0S .21308E-0S 
,20352E-0S .19425E-05 .18S27E-05 .17659E-05 .16821E-05 .16012E-0S 
.15232E-05 .14482E-05 .13760E-0S .13067E-0S .12403E-05 .11766E-0S 
,11157E-05 .10S75E-05 .10019E-06 .94898E-06 .89857E-06 .85064E-06 
.80S15E-06 .76203E-06 .72122E-06 .68267E-06 .64632E-06 .612IIE-06 
.57998E-06 .54988E-06 .52174E-06 .495'53E-06 .47118E-06 .44864E-06 
.42788E-06 .40884E-06 .39149E-06 .37S77E-06 .36167E-06 .34914E-06 
,33816E-06 .32870E-06 .32073E-06 .31424E-06 .30920E-06 .30562E-06 
,30347E-06 .30275E-06 
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BENCHMARK PROBLEM SOLUTION 

Identification: 5-A1-2 Benchmark Problem ID.5-Al 

Date Submitted; October 1971 By; K. D. Lathrop (LASL) 
(Name and Organization) 

Date Accepted: November 1971 By; D. A. Meneley (ANL) 

(Name and Organization) 

Descriptive Title: Multigroup Two-dimensional Transport in (x,y) Geometry 

Mathematical Model 
Discrete Ordinates in two modifications: 

1. Diamond Difference Scheme with Set- to-Zero Negative Flux 
Control ' 

2. Variable-weighted positive difference scheme 

Pertinent Features of Techniques Used 

All calculations were executed with the TWOTRAN program, or in 
the case of option 2 a modification thereof. 

Computer; CDC-6600 and 7600 Date Solved: January 1971 

at: LASL 

References 

1. K. D. Lathrop and F. W. Brinkley, Theory and Use of the Gen­
eral Geometry TWOTRAN Program, Los Alamos Scientific Laboratory Re­
port LA-4432 (1970). 

2. K. D. Lathrop, J. Comput. Phys. 4, 475 (1969). 

Details of the Calculation 

Three different spatial meshes were used. In each case, a equally-
spaced intervals between 0.0 and 65.0 and b equally-spaced intervals be­
tween 65.0 and 133.0 in x, and c equally-spaced intervals between 0.0 and 
60.0 and d equally-spaced intervals between 60.0 and 140.0 in y were used. 
The three meshes are given by 
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T o t a l N u m b e r 
of Ce l l s 

A 
B 
C 

13 
26 
39 

14 
28 
42 

12 
24 
36 

16 
32 
48 

756 
3024 
6804 

T h r e e d i f ferent S^ o r d e r s w e r e used and two t y p e s of c a l c u l a t i o n s done. 
The c a l c u l a t i o n s a r e l abe led ND for n o r m a l d iamond and VD for v a r i a b l e 
weight s c h e m e s . Using th i s key , the symbo l AS8ND m e a n s a s m a l l m e s h , 
o r d e r Sg, n o r m a l d i amond ca lcu la t ion . 

R e s u l t s 

EXHIBIT A Tota l r ight l eakage by g roup 

EXHIBIT B Execu t ion t i m e in m i n u t e s 

EXHIBIT C The g roup 1 r e l a t i v e p e r c e n t a g e e r r o r with r e s p e c t to 
the P [ , i n f i n i t e - m e d i u m solut ion. A nega t ive dev ia t ion i n d i c a t e s an a p p r o x i ­
m a t e so lu t ion s m a l l e r than the P i , va lue at tha t point . Dev ia t ions n e a r the 
r ight bounda ry a r e not s igni f icant b e c a u s e of the d i f fe ren t bounda ry cond i ­
t ions used . In addi t ion to the Los A l a m o s CS12VD solu t ion , a B e t t i s A t o m i c 
P o w e r L a b o r a t o r y d i s c r e t e o r d i n a t e so lu t ion and a Knol ls A tomic P o w e r 
L a b o r a t o r y solut ion a r e c o m p a r e d with the P , , solut ion. The P , , so lu t ions 
w e r e e x t r a p o l a t e d or i n t e rpo l a t ed l i n e a r l y to the point at which the a p p r o x i ­
m a t e solut ion ^vas given. 

R e s u l t s 

EXHIBIT A EXHIBIT B 

Total Right Leakage by Group Execution Time in Minutes 

P rob lem 

AS8ND 
BS8ND 
CS8ND 

ASI2ND 
BS12ND 
CS12ND 

BS16ND 
CS16ND 

AS8VD 
BS8VD 
CS8VD 

AS12VD 
BS12VD 
CS12VD 

Group 1 

5.10-4 
5.64-4 
5.74-4 

4.96-4 
5.47-4 
5.57-4 

5.40-4 
5.51-4 

5.18-4 
5.67-4 
5.76-4 

5.06-4 
5.49-4 
5.58-4 

Group 2 

8.00-4 
9.01-4 
9.21-4 

7.76-4 
8.72-4 
8.91-4 

8.62-4 
8.81-4 

8.22-4 
9.09-4 
9.25-4 

7.99-4 
8.78-4 
8.95-4 

Prob lem 

AS8ND 
BS8ND 
CS8ND 

AS12ND 
BS12ND 
CS12ND 

BS16ND 
CSI6ND 

AS8VD 
BS8VD 

•CS8VD 

AS12VD 
BS12VD 
CS12VD 

CDC-6600 

1.64 
6.41 

14.85 

3.13 
13.02 
28.36 

17.88 
44.95 

CDC-7600 

0.45 
1.43 
3.15 

0.74 
2.51 
5.73 



EXHIBIT C 

Comparison of F i rs t Group E r r o r s in Isotropic Scattering 
Test Problem near y = 140. The KAPL results involve 
stochastic integration and are not expected to be smooth. 

D - LASL CS12VD 

X - BETTIS 

; . KAPL MESH 62X66 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion : 5 - A l - 3 S o u r c e Si tuat ion ID. 5 

Date Submi t t ed : D e c e m b e r 1971 By: H. G r e e n s p a n (ANL) 
(Name and Organ iza t i on ) 

Date Accep ted ; J a n u a r y 1972 By; E. M. G e l b a r d (BAPL) 

(Name and Organ iza t i on ) 

D e s c r i p t i v e T i t l e ; Mu l t i g roup T w o - d i m e n s i o n a l T r a n s p o r t in (x,y) G e o m e t r y 

M a t h e m a t i c a l Model 

D i s c r e t e o r d i n a t e s us ing a s y m m e t r i c se t of d i r e c t i o n s and w e i g h t s . 
Diamond Dif ference S c h e m e . 

P e r t i n e n t F e a t u r e s of T e c h n i q u e s Used 

All c a l c u l a t i o n s w e r e m a d e us ing the ARC S y s t e m t w o - d i m e n s i o n a l 
t r a n s p o r t t h e o r y capab i l i ty , SNARC2D. ' 

C o m p u t e r : IBM 360 /75 Date Solved: D e c e m b e r 1971 

at : ANL 

R e f e r e n c e 

1. H. G r e e n s p a n , R. T h o m p s o n , and G. K. Leaf, The ARC S y s t e m 
T w o - d i m e n s i o n a l T r a n s p o r t T h e o r y Capabi l i ty , SNARC2D, Argonne Na t iona l 
L a b o r a t o r y R e p o r t A N L - 7 7 1 8 (to be pub l i shed) . 

De t a i l s of the Ca lcu la t ion 

T h i r t y - n i n e e q u a l l y - s p a c e d i n t e r v a l s w e r e used be tween x = 0.0 and 
65 .0 , wi th 42 e q u a l l y - s p a c e d i n t e r v a l s be tween x = 65.0 and 133.0. In the 
y d i r e c t i o n 36 e q u a l l y - s p a c e d i n t e r v a l s w e r e used be tween 0.0 and 60 .0 , wi th 
48 be tween y = 60.0 and 140.0. Sg o r d e r was appl ied with a g lobal e of 10"'' 
for the c o n v e r g e n c e c r i t e r i o n . 

R e s u l t s 

Execu t ion t i m e s w e r e 21.79 and 21.81 m i n u t e s for the vacuum and 
r e f l e c t i v e r ight bounda ry p r o b l e m s , r e s p e c t i v e l y . 

EXHIBIT A S c a l a r flux so lu t ions for g r o u p s 1 and 2 on l i nes y = 
7 9 . 1 6 6 6 7 , 8 0 . 8 3 3 3 3 , 139.16667, and the i n t e r p o l a t e d value at y = 80 cm. The 
va lue s a r e given for x = 0.833( 1.667)64.167 and 65.810(1.619)132.190. The 
v a c u u m bounda ry condi t ion w a s used at x = 133.0 ci^ 



EXHIBIT B S c a l a r flux s o l u t i o n s for g r o u p s 1 and 2 on l i n e s y = 
79 .16667, 80 .83333 , and 139.16667 cm for the s a m e v a l u e s of x a s in 
EXHIBIT A. The r e f l e c t i v e b o u n d a r y condi t ion w a s u s e d at x = 133.0 c m . 

EXHIBIT A 

Group 1 

y = 79.16667 

2 .147914D-03 
2 .147011D-03 
2 .146357D-03 
2 .146682D-03 
2 .143869D-03 
2 .145452D-03 
2 .140216D-03 
2 .144121D-03 
2 .139186D-03 
2 .139776D-03 
2 .136637D-03 
2 .135240D-03 
2 .134750D-03 
2 .128317D-03 
2 .127925D-03 
2 .115348D-03 
2 .112857D-03 
2 .101408D-03 
2 .087108D-03 
2 .077395D-03 
2 .038931D-03 
2.029799D-03 
2 .023374D-03 
2 .006011D-03 
1.977729D-03 
1.927537D-03 
1.928900D-03 
1.902141D-03 
1.824092D-03 
1.780995D-03 
1.743843D-03 
1.708817D-03 
1.693213D-03 
1.610768D-03 
1.428372D-03 

80.83333 = 80 .0^ 

1.760324D-03 
1.759346D-03 
1.761005D-03 
1.757411D-03 
1.760953D-03 
1.755614D-03 
1.760197D-03 
1.754841D-03 
1.754634D-03 
1.754608D-03 
1.750285D-03 
1.752052D-03 
1.744009D-03 
1.743289D-03 
1.736468D-03 
1.730106D-03 
1.727045D-03 
1.708904D-03 
1.698324D-03 
1.674293D-03 
1.665718D-03 
1.671117D-03 
1.642094D-03 
1.628290D-03 
1.596840D-03 
1.587284D-03 
1.577764D-03 
1.518106D-03 
1.472444D-03 
1.455304D-03 
1.423425D-03 
1.403353D-03 
1.385198D-03 
1.293526D-03 
1.133741D-03 

1.954119D-03 
1.953179D-03 
1.953681D-03 
1.952047D-03 
1.952411D-03 
1.950533D-03 
1.950207D-03 
1.949481D-03 
1.946910D-03 
1.947192D-03 
1.943461D-03 
1.943880D-03 
1.939380D-03 
1.935803D-03 
1.932197D-03 
1.922727D-03 
1.919951D-03 
1.905156D-03 
1.89S716D-03 
1.875844D-03 
1.852325D-03 
1.850458D-03 
1.837917D-03 
1.817151D-03 
1.787285D-03 
1.757411D-03 
1.753332D-03 
1.710123D-03 
1.648268D-03 
1.618150D-03 
1.583634D-03 
1.556085D-03 
1.539206D-03 
1.452147D-03 
1.281057D-03 

y 139.16667 

5 .453132D-06 
5 .625431D-06 
5 .401984D-06 
5 .295525D-06 
5 .442424D-06 
5 .425199D-06 
5 .469453D-06 
5 .437408D-06 
5 .246000D-06 
5 .367665D-06 
5 .389423D-06 
5 .363096D-06 
5 .581783D-06 
5 .416907D-06 
5 .342413D-06 
5 .450468D-06 
5 .241096D-06 
5 .280846D-06 
5 .409810D-06 
5 .367401D-06 
5 .379116D-06 
5 .286475D-06 
5 .259014D-06 
5.325996D-06 
5.050462D-06 
4 .426341D-06 
3 .877987D-06 
3 .525424D-06 
3 .328385D-06 
3 .202471D-06 
3.04 5613D-06 
2 .928498D-06 
2 .998199D-06 
3 .160326D-06 
3 .030211D-06 

^ In t e rpo l a t ed v a l u e s . 
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EXHIBIT A (Contd. 

Group 1 (Contd.) 

y = 79.16667 y = 80.83333 y = 80 .0^ y = 139-16667 

1.243559D-03 9 .956505D-04 1.119605D-03 2 .935283D-06 
1.136778D-03 9 .236938D-04 I .030236D-03 3 .005266D-06 
1.096411D-03 8 .965666D-04 9 .964888D-04 2 .928323D-06 
1.080740D-03 8 .862299D-04 9 .834850D-04 2 .965906D-06 
1.071274D-03 8 .777819D-04 9 .745280D-04 2 .926461D-06 
1.056948D-03 8 .683286D-04 9 .626383D-04 2 .894413D-06 
1.020582D-03 8 .442113D-04 9 .323697D-04 2 .933867D-06 
9 .232565D-04 7.794019D-04 8 .513292D-04 2 .861735D-06 
7 .453555D-04 6 .503231D-04 6 .978393D-04 2 .887683D-06 
5 .615489D-04 4 .901157D-04 5 .258323D-04 2 .838089D-06 
4 .615391D-04 3 .839952D-04 4 .227672D-04 2 .814204D-06 
4 .464389D-04 3 .603404D-04 4 .033897D-04 2 .841921D-06 
4 .208290D-04 3 .471438D-04 3 .839864D-04 2 .755282D-06 
3 .908544D-04 3.262077D-04 3 .585311D-04 2 .751612D-06 
3 .405520D-04 3 .043158D-04 3 .224339D-04 2 .632509D-06 
2 .821605D-04 2 .599611D-04 2 .710608D-04 2 .405608D-06 
2 .516491D-04 2 .124204D-04 2 .320348D-04 1.965414D-06 
2 .332982D-04 1.930112D-04 2 .131547D-04 1.180795D-06 
2 .024693D-04 1.779563D-04 1.920213D-04 9 .194976D-07 
1.768143D-04 1.554894D-04 1.661519D-04 8 .849262D-07 
1.484556D-04 1.392101D-04 1.438329D-04 7 .522018D-07 
I .215711D-04 1.175885D-04 1.195798D-04 6 .477273D-07 
1.015345D-04 9-682111D-05 9 .917781D-05 5 .352258D-07 
8 .232815D-05 8 .163105D-05 8 .197960D-05 5 .311728D-07 
6 .864761D-05 6 .570825D-05 6 .717793D-05 5.080930D-07 
5 .728426D-05 5.402511D-05 5 .565469D-05 4 .888762D-07 
4 .752363D-05 4 .490349D-05 4 .621356D-05 4 .802503D-07 
3 .813569D-05 3 .731509D-05 3 .772539D-05 4 .654882D-07 
3 .154722D-05 3 .080701D-05 3 . I17712D-05 4 .603703D-07 
2 .626919D-05 2 .577399D-05 2 .602159D-05 4 .431015D-07 
2 .247652D-05 2.076515D-O5 2 .162084D-05 4 .308088D-07 
I .905163D-05 1.751944D-05 1.828554D-05 4 .308885D-07 
1.578280D-05 1.417553D-05 1.497917D-05 4 .271917D-07 
1.399622D-05 1.216649D-05 1.308136D-05 4 .224880D-07 
1.219469D-05 1.053701D-05 1.136585D-05 4 .083682D-07 
9 .993607D-06 9 .148371D-06 9 .570989D-06 4 .026062D-07 
8.254236D-06 7.503745D-06 7.878991D-06 3 .990047D-07 
6 .918153D-06 6.622696D-06 6.770425D-06 3 .983523D-07 
5.637405D-06 5.613636D-06 5.625521D-06 3 .986738D-07 
4 .939579D-06 4 .768213D-06 4 .579353D-06 3 .954215D-07 
4 .315187D-06 4 .047267D-06 4 .181227D-06 3 .849154D-07 



y = l^Abbbl 

3 . 5 7 3 2 9 4 D - 0 6 
2 . 8 9 5 8 2 3 D - 0 6 
2 . 6 6 6 7 2 6 D - 0 6 
2 . 5 3 4 1 8 8 D - 0 6 
2 . 2 3 8 2 3 5 D - 0 6 

EXHIBIT A (Contd.) 

G r o u p I (Contd. ) 

80 .83333 

3 . 4 2 3 7 5 6 D - 0 6 
2 . 9 0 2 9 1 3 D - 0 6 
2 . 4 6 7 0 7 4 D - 0 6 
2 . 1 1 7 4 5 7 D - 0 6 
1 .905471D-06 

80 .0 ' ' 

3 . 4 9 8 5 2 5 D - 0 6 
2 . 8 9 9 3 6 8 D - 0 6 
2 . 5 6 6 9 0 0 D - 0 6 
2 . 3 2 5 8 2 3 D - 0 6 
2 . 0 7 1 8 5 3 D - 0 6 

y 139.16667 

3 . 6 2 3 7 2 7 D - 0 7 
3 . 1 0 9 9 3 4 D - 0 7 
1 . 9 6 3 6 8 6 D - 0 7 
9 . 0 8 6 6 2 8 D - 0 8 
9 . 4 9 8 2 8 5 D - 0 8 

EXHIBIT A (Contd.) 

Group 2 

79. 16667 

5 . 0 2 3 8 2 0 D - 0 3 
5 . 0 2 2 7 2 3 D - 0 3 
5 . 0 2 2 0 4 1 D - 0 3 
5 . 0 2 4 6 0 1 D - 0 3 
5 . 0 1 8 8 4 7 D - 0 3 
5 . 0 2 4 1 9 1 D - 0 3 
5 . 0 1 0 7 1 8 D - 0 3 
5 . 0 1 9 1 4 5 D - 0 3 
5 . 0 0 4 3 5 2 D - 0 3 
5 . 0 0 3 9 8 1 D - 0 3 
4 . 9 9 5 6 7 3 D - 0 3 
4 . 9 9 1 5 0 3 D - 0 3 
4 . 9 9 0 5 2 1 D - 0 3 
4 . 9 8 0 9 7 7 D - 0 3 
4 . 9 9 0 3 4 1 D - 0 3 
4 . 9 6 5 9 6 5 D - 0 3 
4 . 9 5 4 7 4 7 D - 0 3 
4 . 9 2 1 9 2 0 D - 0 3 
4 . 8 8 4 9 8 6 D - 0 3 
4 . 8 7 2 2 2 7 D - 0 3 
4 . 7 9 2 6 1 2 D - 0 3 
4 . 7 5 9 3 5 5 D - 0 3 
4 . 7 1 1 9 2 8 D - 0 3 
4 . 7 1 3 0 9 2 D - 0 3 
4 . 6 9 2 3 0 2 D - 0 3 
4 . 5 6 8 0 1 2 D - 0 3 
4 . 5 2 8 0 1 2 D - 0 3 
4 . 4 4 3 3 1 4 D - 0 3 
4 . 2 9 4 1 2 6 D - 0 3 

80.83333 80.Oa 

4 . 0 7 4 5 1 2 D - 0 3 
4 . 0 7 1 7 4 8 D - 0 3 
4 . 0 7 5 8 2 0 D - 0 3 
4 . 0 6 5 9 7 7 D - 0 3 
4 . 0 7 3 8 7 0 D - 0 3 
4 . 0 5 8 9 8 1 D - 0 3 
4 . 0 6 9 2 3 8 D - 0 3 
4 . 0 5 5 8 4 7 D - 0 3 
4 . 0 5 6 7 7 7 D - 0 3 
4 . 0 5 8 7 1 8 D - 0 3 
4 . 0 4 9 5 8 8 D - 0 3 
4 . 0 5 7 0 4 8 D - 0 3 
4 . 0 4 3 8 5 4 D - 0 3 
4 . 0 4 4 1 9 3 D - 0 3 
4 . 0 2 4 2 4 8 D - 0 3 
4 . 0 0 2 5 5 3 D - 0 3 
3 . 9 9 9 2 9 6 D - 0 3 
3 . 9 6 5 6 4 9 D - 0 3 
3 . 9 6 5 9 5 9 D - 0 3 
3 . 8 9 9 3 5 6 D - 0 3 
3 . 8 7 1 7 1 4 D - 0 3 
3 . 8 7 8 5 0 4 D - 0 3 
3 . 8 3 0 0 6 6 D - 0 3 
3 . 8 2 1 3 0 5 D - 0 3 
3 . 7 3 5 8 7 1 D - 0 3 
3 . 6 8 1 6 4 4 D - 0 3 
3 . 6 4 3 0 0 8 D - 0 3 
3 . 5 3 7 9 5 7 D - 0 3 
3 . 4 3 0 4 6 4 D - 0 3 

4 . 5 4 9 1 6 6 D - 0 3 
4 . 5 4 7 2 3 6 D - 0 3 
4 . 5 4 8 9 3 1 D - 0 3 
4 . 5 4 5 2 8 9 D - 0 3 
4 . 5 4 6 3 5 9 D - 0 3 
4 .541587D-03 
4 . 5 3 9 9 7 8 D - 0 3 
4 . 5 3 7 4 9 6 D - 0 3 
4 . 5 3 0 5 6 5 D - 0 3 
4.53U350D-03 
4 . 5 2 2 6 3 1 D - 0 3 
4 . 5 2 4 2 7 6 D - 0 3 
4 .517188D-03 
4 .512585D-03 
4 . 5 0 7 2 9 5 D - 0 3 
4 . 4 8 4 2 5 9 D - 0 3 
4 .477022D-03 
4 .443785D-03 
4 .425473D-03 
4 . 3 8 5 7 9 2 D - 0 3 
4 . 3 3 2 1 6 3 D - 0 3 
4 . 3 1 8 9 3 0 D - 0 3 
4 . 2 7 0 9 9 7 D - 0 3 
4 . 2 6 7 1 9 9 D - 0 3 
4 .214087D-03 
4 .124824D-03 
4 .085510D-06 
3 . 9 9 0 6 3 6 D - 0 6 
3 . 8 6 2 2 9 5 D - 0 6 

y 139.16667 

8 . 9 1 8 3 2 1 D - 0 6 
9 . 0 8 1 0 8 5 D - 0 6 
8 . 8 1 8 5 8 9 D - 0 6 
8 . 6 8 2 7 0 7 D - 0 6 
8 . 8 0 9 1 9 9 D - 0 6 
8 . 7 1 8 8 9 6 D - 0 6 
8 . 8 6 8 9 6 2 D - 0 6 
8 . 8 5 8 2 6 4 D - 0 6 
8 . 4 7 2 0 8 7 D - 0 6 
8 . 6 2 2 2 1 6 D - 0 6 
8 . 7 6 9 1 1 7 D - 0 6 
8 . 6 7 8 3 1 6 D - 0 6 
8 . 9 2 4 6 8 5 D - 0 6 
8 . 6 7 2 5 8 3 D - 0 6 
8 . 5 5 9 1 2 4 D - 0 6 
8 . 8 1 5 3 4 8 D - 0 6 
8 . 5 7 9 2 0 0 D - 0 6 
8 . 4 3 0 5 2 5 D - 0 6 
8 . 5 9 1 2 4 3 D - 0 6 
8 . 6 2 5 3 8 6 D - 0 6 
8 . 6 4 2 5 4 3 D - 0 6 
8 . 3 9 1 2 5 7 D - 0 6 
8 . 2 9 3 0 9 6 D - 0 6 
8.473111D-06 
8 . 0 4 3 1 0 6 D - 0 6 
7 . 2 4 4 1 0 5 D - 0 6 
6 . 5 0 6 9 5 6 D - 0 6 
5 . 8 7 7 4 4 7 D - 0 6 
5 . 5 6 0 0 9 7 D - 0 6 
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EXHIBIT A (Contd. 

Group 2 (Contd. 

79.16667 iO.83333 y = 80.0^ y = 139- 16667 

4 .196506D-03 
4 .091394D-03 
4 .011106D-03 
3 .985211D-03 
3 .807302D-03 
3 .395699D-03 
2 .965530D-03 
2 .703581D-03 
2 .591792D-03 
2 .537811D-03 
2 .495960D-03 
2 .440665D-03 
2 .337939D-03 
2 .102711D-03 
1.687133D-03 
1.275588D-03 
1.062994D-03 
1.022031D-03 
9 .522908D-04 
8 .871974D-04 
7 .701729D-04 
6 .269048D-04 
5 .526864D-04 
5 .157767D-04 
4 .409565D-04 
3 .820057D-04 
3 .193552D-04 
2 .583446D-04 
2 .152294D-04 
1.733102D-04 
1.425554D-04 
1.175021D-04 
9 .654892D-05 
7 .846658D-05 
6 .515275D-05 
5.331335D-05 
4 .434739D-05 
3 .585149D-05 
3 .108650D-05 
2 .663277D-05 
2 .248626D-05 
1.793361D-05 

3 .377336D-03 
3 .310450D-03 
3 .265072D-03 
3 .223928D-03 
3 .023422D-03 
2 .665267D-03 
2 .347974D-03 
2 .174569D-03 
2 .098212D-03 
2 .056990D-03 
2 .022153D-03 
1.986727D-03 
1.915159D-03 
1.753111D-03 
1.458725D-03 
1.096577D-03 
8.644651D-04 
8.178388D-04 
7.811239D-04 
7.292893D-04 
6 .754385D-04 
5.767494D-04 
4 .628360D-04 
4. 119754D-04 
3.849073D-04 
3.316934D-04 
2 .961414D-04 
2 .454879D-04 
2 .009588D-04 
1.709742D-04 
1.359504D-04 
1.115880D-04 
9 .086594D-05 
7.529652D-05 
6 .194944D-05 
5. 150199D-05 
4 .210197D-05 
3.377586D-05 
2 .823335D-05 
2 .459391D-05 
2 .100226D-05 
1.759301D-05 

3 .786921D-03 
3 .700922D-03 
3 .638089D-03 
3 .604570D-03 
3 .415362D-03 
3 .030483D-03 
2 .656752D-03 
2 .439075D-03 
2 .345002D-03 
2 .297401D-03 
2 .259057D-03 
2 .213696D-03 
2 .126549D-03 
1.927911D-03 
1.572929D-03 
1.186083D-03 
9 .637295D-04 
9. 199349D-04 
8 .667074D-04 
8 .082434D-04 
7 .228057D-04 
6 .018271D-04 
5.077612D-04 
4 .638761D-04 
4. 129319D-04 
3 .568496D-04 
3.077483D-04 
2 .519163D-04 
2 .080941D-04 
1.721422D-04 
1.392529D-04 
1. 145451D-04 
9 .370743D-05 
7.688155D-05 
6 .355110D-05 
5 .240767D-05 
4 .322468D-05 
3 .481368D-05 
•2.965993D-05 
2 .561334D-05 
2. 174426D-05 
1.776331D-05 

5 .280528D-06 
5 .128539D-06 
5. 111628D-06 
4 .981857D-06 
5.151462D-06 
4 .990764D-06 
4 .769256D-06 
4 .986933D-06 
4 .697752D-06 
4 .776992D-06 
4 .718228D-06 
4 .595200D-06 
4 .634204D-06 
4 .506884D-06 
4 .531032D-06 
4 .410863D-06 
4 .326683D-06 
4 .335989D-06 
4 .219412D-06 
4 .184321D-06 
3 .826836D-06 
3.523548D-06 
2 .828152D-06 
1.942848D-06 
1.762384D-06 
1.328923D-06 
1.212550D-06 
1.054588D-06 
9 .748350D-07 
9 .075578D-07 
8 .221176D-07 
8 .288699D-07 
7 .685352D-07 
7 .380404D-07 
7 .282028D-07 
6 .783057D-07 
6 .769982D-07 
6 .483390D-07 
6 .165067D-07 
6 .048143D-07 
5 .949188D-07 
5 .856983D-07 
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79- 16667 

1.493352D-05 
1.265938D-05 
1. 109268D-05 
9 .696385D-06 
8 .633433D-06 
7 .091233D-06 
5 .800826D-06 
4 .906135D-06 
4 .297404D-06 
3 .627762D-06 

EXHIBIT A (Contd. ) 

G r o u p 2 (Contd. ) 

= 80 .83333 

1.466399D-05 
1.222623D-05 
1.017024D-05 
8 .329253D-06 
6 .880716D-06 
6 .077438D-06 
5 .324939D-06 
4 .670986D-06 
3 .852284D-06 
3.085362D-06 

y = 80.0^ 

1.479876D-05 
1.244281D-05 
1.063146D-05 
9 .012819D-06 
7 .757075D-06 
6 .584336D-06 
5 .562883D-06 
4 .788561D-06 
4 .074844D-06 
3 .356562D-06 

139.16667 

5 .713787D-07 
5 .553968D-07 
5 .285766D-07 
5 .116878D-07 
5 .046827D-07 
4 .808122D-07 
3 .635163D-07 
2 .129141D-07 
1.678852D-07 
1.490733D-07 

EXHIBIT B 

Group 1 

y = 79 .16667 80 .83333 = 139.16667 

2 .147914D-03 
2 .147011D-03 
2 .146358D-03 
2 .146680D-03 
2 .143871D-03 
2 .145450D-03 
2 .140218D-03 
2 .144119D-03 
2 .139189D-03 
2 .139774D-03 
2 .136638D-03 
2 .135239D-03 
2 .134750D-03 
2 .128317D-03 
2. 127924D-03 
2 .115351D-03 
2 .112853D-03 
2 .101412D-03 
2 .087105D-03 
2 .077398D-03 
2 .038930D-03 
2 .029799D-03 
2 .023375D-03 
2 .006010D-03 

1.760324D-03 
1.759346D-03 
1.761004D-03 
1.757413D-03 
1.760951D-03. 
1.755615D-03 
1.760196D-03 
1.754843D-03 
1.754632D-03 
1.754609D-03 
1.750285D-03 
1.752052D-03 
1.744010D-03 
1.743287D-03 
1.736471D-03 
1.730103D-03 
1.727049D-03 
1.708901D-03 
1.698326D-03 
1.674293D-03 
1.665717D-03 
1.671118D-03 
1.642092D-03 
1.628292D-03 

5 .451170D-06 
5 .630156D-06 
5 .410233D-06 
5 .299725D-06 
5 .439562D-06 
5 .418188D-06 
5 .465841D-06 
5 .437254D-06 
5 .260805D-06 
5 .373417D-06 
5 .385170D-06 
5 .362537D-06 
5 .582727D-06 
5 .416736D-06 
5 .345650D-06 
5 .453771D-06 
5 .240755D-06 
5 .271100D-06 
5 .408998D-06 
5 .372342D-06 
5 .381172D-06 
5 .290559D-06 
5 .253108D-06 
5 .337604D-06 
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EXHIBIT B (Contd. 

Group 1 (Contd.) 

= 79.16667 iO.83333 139.16667 

1.977731D-03 
1.927537D-03 
1.928901D-03 
1.902142D-03 
1.824092D-03 
1.780996D-03 
1.743845D-03 
1.708816D-03 
1.693219D-03 
1.610767D-03 
1.428376D-03 
1.243561D-03 
1.136782D-03 
1.096417D-03 
1.080740D-03 
1.071284D-03 
1.056949D-03 
1.020598D-03 
9 .232567D-04 
7 .453699D-04 
5.615616D-04 
4 .615550D-04 
4 .464512D-04 
4 .208471D-04 
3 .908896D-04 
3 .405697D-04 
2 .821974D-04 
2 .516844D-04 
2 .333398D-04 
2 .025237D-04 
1.768717D-04 
1.485428D-04 
1.216468D-04 
1.016218D-04 
8 .245601D-05 
6 .879686D-05 
5 .742354D-05 
4 .768582D-05 
3 .840613D-05 
3 .173713D-05 
2 .654690D-05 
2 .292861D-05 

1.596840D-03 
1.587284D-03 
1.577765D-03 
1.518106D-03 
1.472444D-03 
1.455306D-03 
1.423424D-03 
1.403358D-03 
1.385196D-03 
1.293530D-03 
1.133742D-03 
9 .956532D-04 
9 .236994D-04 
8.965656D-04 
8.862395D-04 
8.777818D-04 
8.683440D-04 
8 .442093D-04 
7.794159D-04 
6 .503344D-04 
4 .901274D-04 
3 .840031D-04 
3 .603645D-04 
3.471708D-04 
3 .262131D-04 
3.043454D-04 
2 .599899D-04 
2. 124604D-04 
1.930598D-04 
1.780017D-04 
1.555616D-04 
1.392658D-04 
1.176754D-04 
9 .691429D-05 
8 .173868D-05 
6 .588461D-05 
5.415486D-05 
4 .501686D-05 
3 .757631D-05 
3 .109711D-05 
2 .598549D-05 
2 .113447D-05 

5 .057720D-06-
4 .411611D-06 
3 .883763D-06 
3 .523709D-06 
3 .326764D-06 
3 .206951D-06 
3 .049548D-06 
2 .931061D-06 
2.996654D-06 
3.153381D-06 
3 .031932D-06 
2 .942374D-06 
3 .004133D-06 
2 .929789D-06 
2 .957042D-06 
2 .931569D-06 
2 .900547D-06 
2 .926591D-06 
2 .864431D-06 
2 .891788D-06 
2 .841382D-06 
2 .815051D-06 
2 .846778D-06 
2 .758432D-06 
2 .757579D-06 
2 .630445D-06 
2 .408892D-06 
1.977993D-06 
1.193384D-06 
9 .245372D-07 
8 .871932D-07 
7.669692D-07 
6 .568548D-07 
5 .563736D-07 
5 .465524D-07 
5 .274246D-07 
5 .080255D-07 
4 .936101D-07 
4 .712466D-07 
4 .736130D-07 
4 .568663D-07 
4 .447307D-07 
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EXHIBIT B (Contd.) 

Group 1 (Contd.) 

EXHIBIT B (Contd.) 

Group 2 

y = 79.16667 y = 80.83333 y = 139.16667 

1.944186D-05 1.793357D-05 4.490839D-07 
1.628371D-05 1.460847D-05 4.424720D-07 
1.457425D-05 1.265658D-05 4.422498D-07 
1.279661D-05 1.110127D-05 4.412679D-07 
1.076811D-05 9.815951D-06 4.365529D-07 
9.139203D-06 8.229747D-06 4.480707D-07 
7.909900D-06 7.399882D-06 4.486119D-07 
6.788922D-06 6.486069D-06 4.454115D-07 
6.226674D-06 5.710868D-06 4.458992D-07 
5.771134D-06 5.035397D-06 4.559544D-07 
5.194619D-06 4.531373D-06 4.463988D-07 
4.780623D-06 4.028172D-06 3.990195D-07 
4.725280D-06 3.536843D-06 3.004254D-07 
4.725255D-06 3.321437D-06 1.912721D-07 
4.430631D-06 3.440849D-06 1.965719D-07 

y = 79.16667 y = 80.83333 y = 139.16667 

5.023821D-03 4.074512D-03 8.886863D-06 
5.022723D-03 4.071747D-03 9.080503D-06 
5.022042D-03 4.075820D-03 8.800542D-06 
5.024600D-03 4.065976D-03 8.675987D-06 
5.018848D-03 4.073870D-03 8.814283D-06 
5.024190D-03 4.058981D-03 8.734344D-06 
5.010720D-03 4.069238D-03 8.868351D-06 
5.019144D-03 4.055845D-03 8.866105D-06 
5.004354D-03 4.056780D-03 8.464885D-06 
5.003980D-03 4.058716D-03 8.606101D-06 
4.995676D-03 4.049587D-03 8.787201D-06 
4.991499D-03 4.057053D-03 8.657308D-06 
4.990527D-03 4.043847D-03 8.985549D-06 
4.980970D-03 4.044202D-03 8.652305D-06 
4.990349D-03 4.024237D-03 8.560583D-06 
4.965956D-03 4.002567D-03 8.821965D-06 
4.9547590-03 3.999280D-03 8.522622D-06 
4.921907D-03 3.965665D-03 8.417736D-06 
4.885000D-03 3.965943D-03 8.611735D-06 
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EXHIBIT B (Contd. 

Group 2 (Contd.) 

79.16667 y = 80.83333 139.16667 

4 .872212D-03 
4 .792625D-03 
4 .759344D-03 
4 .711937D-03 
4 .713083D-03 
4 .692312D-03 
4 .568007D-03 
4 .528012D-03 
4 .443320D-03 
4 .294113D-03 
4 .196531D-03 
4 .091371D-03 
4 .011130D-03 
3 .985195D-03 
3 .807314D-03 
3.395701D-03 
2 .965526D-03 
2 .703595D-03 
2 .591786D-03 
2 .537828D-03 
2 .495949D-03 
2 .440693D-03 
2 .337927D-03 
2 .102740D-03 
1.687125D-03 
1.275623D-03 
1.062986D-03 
1.022061D-03 
9 .523286D-04 
8 .872330D-04 
7.701851D-04 
6 .269425D-04 
5.527542D-04 
5.157989D-04 
4 .410285D-04 
3.821094D-04 
3 .194257D-04 
2 .584441D-04 
2. 153867D-04 
1.734264D-04 
1.427550D-04 

3 .899371D-03 
3 .871701D-03 
3 .878517D-03 
3 .830056D-03 
3 .821315D-03 
3 .735865D-03 
3.681645D-03 
3 .643014D-03 
3.537944D-03 
3 .430486D-03 
3 .377313D-03 
3 .310472D-03 
3 .265058D-03 
3 .223938D-03 
3.023426D-03 
2 .665260D-03 
2 .347990D-03 
2 .174561D-03 
2 .098228D-03 
2 .056981D-03 
2 .022178D-03 
1.986717D-03 
1.915181D-03 
1.753106D-03 
1.458753D-03 
1.096578D-03 
8.644766D-04 
8.178758D-04 
7.811197D-04 
7.293086D-04 
6 .754941D-04 
5.767795D-04 
4 .628641D-04 
4. 120432D-04 
3.849864D-04 
3.317403D-04 
2.962287D-04 
2 .456199D-04 
2 .010471D-04 
1.711571D-04 
1.361291D-04 

8 .617937D-06 
8 .622745D-06 
8 .404377D-06 
8 .295117D-06 
8 .475612D-06 
8 .074239D-06 
7.315579D-06 
6 .531111D-06 
5.755230D-06 
5.432452D-06 
5.339559D-06 
5.276976D-06 
5.157078D-06 
4 .880749D-06 
5.131040D-06 
4 .881834D-06 
4 .936031D-06 
5.001243D-06 
4 .668709D-06 
4 .779821D-06 
4 .719716D-06 
4 .594313D-06 
4 .645401D-06 
4 .504569D-06 
4 .532128D-06 
4 .407551D-06 
4 .332810D-06 
4 .341020D-06 
4 .214546D-06 
4 .193599D-06 
3.9IO996D-O6 
3.459596D-O6 
2.820856D-06 
1.983275D-06 
1.715536D-06 
1.348022D-06 
1.285827D-06 
1.044974D-06 
9 .937721D-07 
9 .159223D-07 
8 .568769D-07 
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EXHIBIT B (Contd.) 

Group 2 (Contd.) 

79.16667 y = 80 .83333 y = 139.16667 

1 .177350D-04 1 .117676D-04 8 . 3 7 7 5 8 8 D - 0 7 
9 . 6 7 7 6 1 9 D - 0 5 9 . 1 1 1 7 4 0 D - 0 5 7 . 9 3 5 2 4 0 D - 0 7 
7 . 8 7 8 4 9 8 D - 0 5 7 . 5 5 4 5 7 6 D - 0 5 7 . 5 8 0 7 5 7 D - 0 7 
6 . 5 4 6 5 4 5 D - 0 5 6 . 2 2 8 0 6 3 D - 0 5 7 . 3 1 4 7 3 3 D - 0 7 
5 . 3 6 9 6 5 6 D - 0 5 5. 1 9 1 5 9 6 D - 0 5 7 . 1 4 3 2 8 9 D - 0 7 
4 . 4 8 4 9 7 9 D - 0 5 4 . 2 5 8 I 8 4 D - 0 5 6 . 8 1 8 5 8 1 D - 0 7 
3 . 6 4 7 0 2 4 D - 0 5 3 . 4 3 1 7 7 1 D - 0 5 6 . 6 7 1 0 5 0 D - 0 7 
3 . 1 8 0 0 1 0 D - 0 5 2 . 8 8 2 8 8 2 D - 0 5 6 . 7 1 2 7 9 0 D - 0 7 
2 . 7 4 1 6 8 8 D - 0 5 2 . 5 2 7 4 1 0 D - 0 5 6 . 5 0 3 4 6 3 D - 0 7 
2 . 3 3 7 0 1 5 D - 0 5 2 . 1 8 5 7 7 3 D - 0 5 6 . 3 0 3 4 0 1 D - 0 7 
1 . 9 0 3 4 8 6 D - 0 5 1 .854617D-05 6 . 2 7 9 3 6 7 D - 0 7 
1 .623341D-05 1 .569878D-05 6 . 2 2 0 8 0 8 D - 0 7 
1 .418110D-05 1 .342211D-05 6 . 1 8 5 1 7 1 D - 0 7 
1 .279526D-05 I . 1 4 6 9 8 2 D - 0 5 6 . 0 6 1 4 3 7 D - 0 7 
1 .160085D-05 9 . 7 5 6 2 9 3 D - 0 6 5 . 8 3 1 0 0 3 D - 0 7 
1 .090379D-05 8 . 3 7 8 3 8 1 D - 0 6 5 . 8 1 7 1 9 8 D - 0 7 
9 . 6 6 4 5 7 3 D - 0 6 7 . 8 0 9 6 3 5 D - 0 6 5 . 9 7 4 8 3 0 D - 0 7 
8 . 7 6 9 9 1 3 D - 0 6 7 . 0 9 4 1 0 3 D - 0 6 5 . 3 8 4 8 4 3 D - 0 7 
8 . 1 3 6 3 2 3 D - 0 6 6 . 7 2 2 1 5 3 D - 0 6 3 . 6 0 0 6 7 1 D - 0 7 
7 . 6 9 9 0 2 2 D - 0 6 6 . 2 9 5 1 3 1 D - 0 6 2 . 8 8 5 4 3 8 D - 0 7 
7 . 3 0 3 6 4 0 D - 0 6 6 . 1 5 0 3 6 9 D - 0 6 3 . 2 0 0 5 3 9 D - 0 7 
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BENCHMARK PROBLEM 

Ident i f ica t ion: 5-A2 Source Si tuat ion ID.5 

Date Submi t ted ; Apr i l 1970 By; E. M. G e l b a r d (BAPL) and 
B. C r a w f o r d (KAPL) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted ; Ju ly 1970 By; R. F r o e h l i c h (GGA) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : Mu l t i g roup T w o - d i m e n s i o n a l T r a n s p o r t 

Reduc t ion of Source P r o b l e m 

1 . Mu l t i g roup a p p r o x i m a t i o n m a d e 

2. L i n e a r l y a n i s o t r o p i c s c a t t e r i n g a s s u m e d 

3. x ,y g e o m e t r y 

4. Boundary condi t ions as shown 

Conf igura t ion : Same as for I D . 5 - A l . 

Data 

C r o s s s ec t i ons (cm ) and s o u r c e dens i ty ( n e u t r o n s / c m ' ) 

Group 1 Group 2 

Sa 0.061723 0.096027 

vSf 0.0 0.0 

St 0.10108 0.108529 

rfo*^ 0.015923 0.012502 

ifo"'^^ 0.0 0.023434 

Zfp^ 0.008976 0.003914 

Z:|,"'"'S 0.0 0,009016 

Source density 0.006546 0.017701 
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Expected P r imary Results 

1. Scalar flux in each group along horizontal and vertical lines 

2. Total right leakage in each group 

3. Number of iterations in each group 

4. Total machine time 

Possible Additional Results 

1. Dependence of results and machine time on; 

a. space mesh 

b. angular approximation 

c. difference schemes 

2. Scalar flux along selected lines 

Best Solution Available: P i , spherical harmonics solution for scalar flux 

fg(x,y = 80) x = 0(1)133 g = 1,2 

*g(x,y =139) x = 0(1)133 g = 1,2 

*g(x,y = 140) X = 0(1)143 g = 1,2 

Solutions 

1. Spherical Harmonics; 5-A2-1 

2. Discrete Ordinates: 5-A2-2, 5-A2-3 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion; 5 -A2-1 B e n c h m a r k P r o b l e m ID. 5-A2 

Date Submit ted ; Apr i l 1970 By: E. M. G e l b a r d (BAPL) and 
B. C r a w f o r d (KAPL) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted : Ju ly 1970 By: R. F r o e h l i c h (GGA) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : Mu l t i g roup T w o - d i m e n s i o n a l T r a n s p o r t in (x,y) G e o m e t r y 

M a t h e m a t i c a l Model 

G r e e n ' s functions a r e c a l c u l a t e d f rom a s p h e r i c a l h a r m o n i c s (P19) 
a p p r o x i m a t i o n . The solut ion at each point of i n t e r e s t i s ob ta ined by i n t e ­
g ra t ion over s o u r c e r e g i o n s . 

P e r t i n e n t F e a t u r e s of Solution Method 

1. E a c h g r o u p - k e r n e l is t abu la ted as a function of the mean f ree 
pa th of group 1 with a tab le spac ing of 0 .01 . L i n e a r i n t e r p o l a t i o n is p e r ­
fo rmed in th is t ab le given the d i s t a n c e f rom the flux point to the s o u r c e 
poin t . T r a p e z o i d a l i n t eg ra t i on of s o u r c e point con t r i bu t ions is c a r r i e d out 
over each s o u r c e domain to obtain the total flux. 

2. Con t r i bu t i ons to the flux a r e compu ted froin only the four n e a r e s t 
s o u r c e s . 

3 . The p r o b l e m was solved with a r e f l ec t i ve r ight bounda ry . T h e r e ­
fore , fluxes a t those points which a r e within a few m e a n free pa ths of the 
r igh t bounda ry should not be c o n s i d e r e d as r e f e r e n c e va lues for the bench ­
m a r k p r o b l e m as s t a t ed . 

C o m p u t e r : CDC-6600 Date Solved; June 1970 

at; BAPL 

P r o g r a m : BE27 

R e f e r e n c e 

R. B. F i s c h e r and E. M. G e l b a r d , B E 2 7 - - A T w o - G r o u p X-Y G e o m e -
t r y T r a n s p o r t P r o g r a m for Deep P e n e t r a t i n g Honiogeneous Med ia , Be t t i s 
Atomic P o w e r L a b o r a t o r y Repor t W A P D - T M - 9 4 9 (1970). 
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Results 

EXHIBIT A Scalar flux solutions for groups 1 and 2 on lines y = 80, 
y = 139, and y = 140 cm for x = 0(1)133 cm. 
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EXHIBIT A 

Y=80. EXACT SOLUTION GROUP 1 PI XY 

.19664E-02 .19664E-02 .19663E-02 .19662E-02 .196S9E-02 .19657E-02 

.19653E-02 .19649E-02 .19644E-02 .19639E-02 .19632E-02 .1962SE-02 

.19616E-02 .19607E-02 .19S96E-02 .19584E-02 .19S71E-02 .19S56E-02 

.19540E-02 .19522E-02 .19502E-02 .19480E-02 .194SSE-02 .19428E-02 

.19399E-02 .19366E-02 .19330E-02 .19290E-02 .19246E-02 .19198E-02 

.19145E-02 .19087E-02 .19024E-02 .18954E-02 .18878E-02 .18794E-02 

.18703E-02 .18603E-02 .18494E-02 .18375E-02 .18245E-02 .18104E-02 

.17951E-02 .17785E-02 .17604E-02 .17409E-02 .17199E-02 .16972E-02 

.16727E-02 .16465E-02 .16184E-02 .15884E-02 .15565E-02 .1S226E-02 

.14867E-02 .14489E-02 .14091E-02 .13675E-02 .13241E-02 .12791E-02 

.12327E-02 .118S0E-02 .11362E-02 .10867E-02 .10366E-02 .98618E-03 

.93579E-03 .88S68E-03 .83612E-03 .78737E-03 .73967E-03 .69323E-03 

.64826E-03 .60490E-03 .56328E-03 .52351E-03 .48566E-03 .44977E-03 

.41S85E-03 .38391E-03 .35392E-03 .32584E-03 .29962E-03 .27S19E-03 
,25248E-03 .23142E-03 .21191E-03 .19389E-03 .17725E-03 .16192E-03 
,14782E-03 .13486E-03 .12296E-03 .11205E-03 .10206E-03 .92915E-04 
.84S53E-04 .76913E-04 .69938E-04 .63574E-04 .S7773E-04 .S2486E-04 
.47673E-04 .43292E-04 .39307E-04 .35684E-04 .32392E-04 .29403E-04 
,26690E-04 .24229E-04 .21998E-04 .19977E-04 .18147E-04 .16492E-04 
.14997E-04 .13646E-04 .12429E-04 .11332E-04 .10347E-04 .94639E-05 
,86737E-05 .79692E-05 .73436E-05 .67910E-05 .63061E-0S .S8840E-0S 
,5S207E-05 .52128E-05 .49571E-05 .47513E-05 .45932E-05 .44814E-05 
,44147E-05 .43926E-05 

Y=80. EXACT SOLUTION GROUP 2 PI XY 

.45689E-02 .45688E-02 .4S687E-02 .45684E-02 .45680E-02 .4S674E-02 

.4S668E-02 .45659E-02 .45650E-02 .45639E-02 .4S626E-02 .45611E-02 

.45595E-02 .45576E-02 .455S5E-02 .4SS31E-02 .45505E-02 .4S475E-02 

.45442E-02 .45405E-02 .45364E-02 .4S319E-02 .45269E-02 .4S213E-02 

.45151E-02 .45083E-02 .4S007E-02 .44923E-02 .44831E-02 .44729E-02 

.44616E-02 .44492E-02 .443S5E-02 .44204E-02 .44038E-02 .438SSE-02 

.43655E-02 .43434E-02 .43193E-02 .42929E-02 .42639E-02 .42323E-02 

.41977E-02 .41601E-02 .41192E-02 .40747E-02 .40264E-02 .39742E-02 

.39178E-02 .38571E-02 .37918E-02 .37218E-02 .36471E-02 .3567SE-02 

.34830E-02 .33936E-02 .32995E-02 .32007E-02 .30976E-02 .29905E-02 

.28797E-02 .276S7E-02 .26491E-02 .2530SE-02 .24105E-02 .22897E-02 

.21690E-02 .20489E-02 .19303E-02 .18137E-02 .16997E-02 .1S889E-02 

.14818E-02 .13787E-02 .12800E-02 .11858E-02 .10965E-02 .10120E-02 

.93233E-03 .85758E-03 .78762E-03 .72234E-03 .66159E-03 .60521E-03 

.5S299E-03 .50475E-03 .4602SE-03 .41930E-03 .38166E-03 .34713E-03 

.31549E-03 .286S4E-03 .26008E-03 .23593E-03 .21391E-03 .19384E-03 

.17558E-03 .15897E-03 .14388E-03 .13017E-03 .11773E-03 .10645E-03 

.96230E-04 .86968E-04 .78584E-04 .70997E-04 .64135E-04 .57933E-04 

.52329E-04 .47269E-04 .42704E-04 .38586E-04 .34874E-04 .31532E-04 
,28524E-04 .25820E-04 .23393E-04 .21216E-04 .19267E-04 .17526E-04 
,1597SE-04 .14596E-04 .13377E-04 .12302E-04 .11362E-04 .10546E-04 
,98458E-05 .92S32E-05 .87621E-05 .83673E-05 .80646E-05 .78507E-05 
,77233E-05 .76809E-05 
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50875E-
50715E-
50223E-
4936SE-
48090E-
46342E-
44073E-
41259E-
37919E-
34121E-
29992E-
25702E^ 
21445E^ 
17407E^ 
13747E-
10570E^ 
79271E^ 
58190E-
42084E-
30379E^ 
224S6E^ 
1777SE^ 
15963E 

OS 
05 
05 
05 
OS 
•05 
05 
•05 
•05 
•05 
•05 
•05 
•OS 
•OS 
•05 
•05 
•06 
•06 
•06 
-06 
-06 
-06, 
-061 

Y=139. 

.50871E-

.506S7E-

.50107E-

.49183E-

.47833E-

.46001E-

.43642E-

.40738E-

.37315E-

.334S2E^ 

.29283E^ 

.24985E-

.20752E-

.16767E^ 

.13181E^ 

.10092E^ 

.75393E-

.55174E^ 

.3984SE^ 

.28812E^ 

.21463E^ 

.17281E^ 

.15926E 

05 
05 
•05 
•05 
•OS 
•OS 
•05 
•05 
•05 
•05 
•05 
•05 
•OS 
•OS 
•05 
-05 
•06 
-06 
-06 
-06 
-06 
-06 
-06 

EXHIBIT A (continued) 

EXACT SOLUTION GROUP l( 

,50858E-
.S0S89E-
.49980E-
.48989E-
.47562E-
.4S646E-
.43196E-
.40202E-
.36698E-
.32774E-
.28S71E-
.24270E-
.20066E-
.16139E^ 
.12630E^ 
.96285E^ 
.71663E-
.5229SE^ 
.3772SE^ 
.27347E^ 
.205S8E^ 
.16864E-

05 
05 
05 
•05 
05 
•05 
•05 
•05 
•05 
•05 
•05 
•05 
•05 
•05 
•05 
•06 
•06 
•06 
•06 
•06 
-06 
-06 

.S0836E-05 

.50512E-05 

.49842E-05 

.48783E-05 

.47278E-0S 

.4527SE-05 

.42734E-05 

.39652E-05, 

.36070E-05 

.32088E-05 

.27856E-05 

.23557E-05 

.19388E-05 

.15522E-0S 

.12093E-0S 

.91805E-06 

.68079E-06 

.49549E-06 

.35721E-06 

.25982E-06 

.19738E-06 

.16525E-06 

/^^~\ 
PljXY 

.S0804E-

.50426E^ 

.49694E^ 

.48564E-

.46980E-

.44890E-

.42258E-

.39088E-

.35431E^ 

.31396E-

.27139E-

.22848E-

.18718E-

.14917E-

.11S71E^ 

.87477E-

.64640E^ 

.46933E^ 

.33831E^ 

.24713E-

.19002E-

.16262E^ 

•05 
•05 
•05 
-OS 
-OS 
•05 
•05 
•05 
•05 
•05 
•OS 
-05 
•05 
•OS 
•OS 
•06 
•06 
•06 
•06 
-06 
•06 
-06 

.50764E-

.S0329E^ 

.4953SE^ 

.48334E^ 

.46668E-

.44489E^ 

.41766E-

.38510E^ 

.34781E-

.30697E^ 

.26420E-

.22144E-

.18058E-

.1432SE^ 

.11063E-

.83299E-

.61345E-

.44446E-

.320S1E-

.23539E-

.18348E-

.16075E^ 

•OS 
•05 
•05 
•OS 
•OS 
•05 
•05 
•05 
•05 
•05 
-OS 
•05 
•05 
•OS 
•OS 
•06 
•06 
•06 
•06 
•06 
•06 
-06 

\̂  
Y=139. EXACT SOLUTION GROUP 2 PI XY 

,86S22E-05 .86514E-05 .86493E-0S .864S7E-05 .86406E-05 .86341E-05 
.86260E-05 .86165E-05 .860SSE-05 .859J8E-05 .8S787E-0S .85629E-05 
.85454E-05 .85263E-05 .8S055E-0S .84828E-05 .84S84E-05 .84322E-0S 
,84040E-05 .83739E-05 .83418E-0S .83076E-05 .82713E-05 .82329E-05 
,81923E-05 .81494E-05 .81042E-0S .80S67E-05 .80067E-05 .79S44E-05 
.7899SE-05 .78421E-05 .77821E-05 .7719SE-05 .76544E-0S .7S86SE-05 
,75160E-0S .74428E-05 .73669E-05 .72884E-0S .72071E-0S .71232E-05 
,70366E-05 .69474E-05 .68556E-05 .67612E-05 .66644E-05 .6S651E-05 
,64635E-0S .63S95E-0S .62533E-05 .61450E-05 .60347E-05 .5922SE-0S 
,S808SE-05 .56928E-05 .S5755E-05 .54569E-0S .53369E-05 .52159E-05 
,50938E-05 .49710E-0S .4847SE-05 .4723SE-05 .45991E-05 .44746E-05 
,4350IE-0S .422S7E-0S .41017E-05 .39782E-05 .38SS3E-05 .37333E-05 
,36122E-05 .34922E-05 .33735E-05 .32562E-05 .3140SE-05 .30264E-05 
,29141E-05 .28037E-05 .26953E-05 .25891E-0S .248S0E-05 .23833E-05 
.22839E-05 .21869E-0S .20924E-05 .20004E-0S .19111E-05 .18243E-05 
.17402E-05 .16587E-05 .1S799E-05 .1S038E-05 .14303E-0S .1359SE-05 
,12914E-05 .122S8E-0S .11629E-0S .1102SE-05 .10447E-0S .98935E-06 
93646E-06 .88597E-06 .83784E-06 .79202E-06 .74845E-06 .70708E-06 
,66787E-06 .63074E-06 .59S6SE-06 .562S3E-06 .5313SE-06 .50203E-06 
474S3E-06 .44879E-06 .42476E-06 .40239E-06 .38164E-06 .36246E-06 
,34479E-06 .32861E-06 .31388E-06 .300S5E-06 .288S9E-06 .27798E-06 
,26868E-06 .26067E-06 .25393E-06 .24844E-06 .24418E-06 .2411SE-06 
,23954E-06 .23873E-06 
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EXHIBIT A (continued) 

Y=140. EXACT SOLUTION GROUP 1 PI XY 

.50585E-0S .50S80E-0S .S0567E-OS .50545E-05 .50514E-05 .50474E-0S 
,50425E-05 .50367E-05 .50300E-OS .50223E-0S .50137E-0S .50041E-05 
.49935E-05 .49819E-05 .49693E-05 .49557E-05 .49409E-0S .49251E-05 
.49081E-0S .48900E-OS .48707E-05 .48S02E-05 .48285E-0S .480SSE-05 
.47812E-05 .475S7E-05 .47288E-05 .4700SE-05 .46709E-05 .46399E-05 
.46074E-05 .45735E-05 .45381E-05 .45013E-05 .44629E-05 .44231E-05 
.43817E-05 .43389E-0S .42945E-05 .42486E-0S .42012E-0S .41523E-05 
.41020E-05 .40501E-05 .39969E-05 .39422E-0S .38861E-05 .38286E-05 
.37699E-05 .37098E-0S .36486E-05 .3S862E-0S .35226E-05 .34580E-05 
.33924E-05 .33259E-05 .32586E-05 .31904E-05 .31216E-05 .30521E-05 
.29821E-05 .29117E-0S .28409E-05 .27698E-0S .26985E-05 .26272E-05 
.25558E-05 .24846E-05 .24135E-05 .23427E-05 .22722E-05 .22022E-0S 
.21327E-05 .20639E-0S .19957E-05 .19283E-05 .18618E-05 .17961E-05 
.17315E-05 .16679E-05 .16054E-05 .15441E-05 .14840E-05 .142S2E-05 
.13676E-05 .13115E-05 .12S67E-05 .12033E-05 .11513E-05 .11008E-05 
.10518E-05 .10043E-05 .95823E-06 .91369E-06 .87064E-06 .82910E-06 
.78904E-06 .75047E-06 .71337E-06 .67773E-06 .643S3E-06 .61075E-06 
.57937E-06 .S4936E-06 .52071E-06 .49339E-06 .46737E-06 .44263E-06 
.41913E-06 .39684E-06 .37574E-06 .35S80E-06 .33699E-06 .31928E-06 
.30264E-06 .2870SE-06 .27246E-06 .25887E-06 .24624E-06 .2345SE-06 
.22377E-06 .21389E-06 .20488E-06 .19672E-06 .18939E-06 .18288E-06 
.17717E-06 .17225E-06 .16811E-06 .16473E-06 .16211E-06 .16025E-06 
.15913E-06 .15876E-06 

Y=140. EXACT SOLUTION GROUP 2 PI XY 

.85984E-05 .85977E-05 .85955E-05 .85920E-05 .85869E-05 .85804E-0S 

.85724E-05 .85629E-05 .85519E-05 .85394E-05 .85253E-05 .85096E-0S 
,84922E-05 .84732E-05 .84524E-05 .84300E-05 .84057E-05 .8379SE-05 
.8351SE-05 .83215E-05 .82896E-05 .825S6E-05 .82195E-05 .81813E-05 
.81409E-05 .80983E-05 .80533E-05 .8006IE-05 .79S64E-0S .79043E-05 
.78498E-05 .77927E-05 .7733IE-05 .76709E-05 .7606IE-05 .7S387E-05 
.74686E-05 .73958E-05 .73204E-05 .72423E-05 .71616E-0S .70782E-05 
,69921E-05 .69035E-05 .68123E-05 .67185E-05 .66223E-05 .65237E-05 
,64227E-05 .63I94E-05 .62139E-05 .61063E-05 .59968E-05 .58853E-05 
,57720E-05 .56571E-05 .5S406E-05 .S4228E-05 .S3037E-0S .SI834E-05 
.50622E-05 .49402E-05 .4817SE-05 .46944E-05 .45709E-05 .44472E-05 
.43236E-05 .42001E-05 .40769E-05 .39542E-05 .38322E-05 .37109E-05 
,35907E-05 .3471SE-05 .33S36E-05 .32371E-05 .3I221E-05 .30088E-05 
,28973E-05 .27876E-05 .26800E-05 .25744E-05 .24710E-05 .23699E-05 
.22712E-05 .21748E-0S .20809E-05 .19896E-05 .19008E-05 .18146E-05 
.17310E-0S .16500E-05 .1S717E-05 .I4960E-05 .14230E-05 .13526E-05 
.12849E-0S .12197E-05 .IIS72E-0S .10971E-05 .10396E-05 .98461E-06 
.93202E-06 .88181E-06 .83395E-06 .78838E-06 .74S05E-06 .70391E-06 
,66490E-06 .62797E-06 .59307E-06 .56013E-06 .52910E-06 .49994E-06 
,47257E-06 .44697E-06 .42306E-06 .40D80E-06 .38015E-06 .36106E-06 
,34349E-06 .32738E-06 .31272E-06 .29945E-06 .287SSE-06 .27699E-06 
.26773E-06 .25976E-06 .25305E-06 .247S9E-06 .24335E-06 .24034E-06 
,23853E-06 .23793E-06 
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BENCHMARK P R O B L E M SOLUTION 

Iden t i f i ca t ion ; 5-Al-l B e n c h m a r k P r o b l e m ID .5 -A2 

Date Submi t t ed : O c t o b e r 1971 By; K. D. L a t h r o p (LASL) 

(Name and O r g a n i z a t i o n ) 

Date A c c e p t e d ; N o v e m b e r 1971 By: D. A. Mene ley (ANL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e ; M u l t i g r o u p T w o - d i m e n s i o n a l T r a n s p o r t in (x,y) G e o m e t r y 

M a t h e m a t i c a l Model 

D i s c r e t e O r d i n a t e s in t h r e e mod i f i ca t ions 

1. D iamond Di f fe rence S c h e m e with S e t - t o - Z e r o N e g a t i v e F lux 
C o n t r o l 

2. V a r i a b l e - w e i g h t e d p o s i t i v e d i f f e r ence s c h e m e 

3. F o r m u l a t i o n c o n v e r t i b l e to s p h e r i c a l h a r m o n i c s - l i k e equa t i ons 

P e r t i n e n t F e a t u r e s of T e c h n i q u e s Used 

All c a l c u l a t i o n s w e r e execu ted with the TWOTRAN p r o g r a m , ' o r in 
the c a s e of op t ions 2 and 3, mod i f i ca t i ons the reof . 

C o m p u t e r : CDC-6600 and 7600 Date Solved: J a n u a r y 1971 

at; LASL 

R e f e r e n c e s 

1. K. D. L a t h r o p and F . W. B r i n k l e y , T h e o r y and U s e of the G e n ­
e r a l G e o m e t r y TWOTRAN P r o g r a m , L o s A l a m o s Scient i f ic L a b o r a t o r y 
R e p o r t L A - 4 4 3 2 (1970). 

2. K. D. L a t h r o p , J . C o m p u t . P h y s . ±, 475 (1969). 

3. K. D. L a t h r o p , R e m e d i e s for Ray Ef fec t s , Nuc l . Sci . Eng . 45_, 

255 (1971 ). 

D e t a i l s of the C a l c u l a t i o n 

M e s h s p a c i n g v a r i a t i o n s w e r e the s a m e as t hose u s e d for I D . 5 - A 1 - 2 . 
P r o b l e m identif ication conven t ions a r e d e s c r i b e d u n d e r I D . 5 - A l - 2 . 
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Three different Sn orders were used and three types of calculations 
done. We will label the calculations ND for normal diamond, VD for 
variable-weight, and FD for fixed-weight difference schennes. For those 
solutions obtained by conversion to spherical harmonics we append the 
order of approxinnation. Using this key, the symbol AS8ND means a small 
mesh, order Sg, normal diainond calculation, while BS8FDP5 is a medium 
mesh, Sg, fixed-weight, converted to P5, calculation. 

Results 

EXHIBIT A 

Total Right Leakage by Group 

EXHIBIT B 

Execution Time in Minutes 

P r o b l e m 

AS8ND 
BS8ND 
CS8ND 

A S U N D 
B S l i N D 
C S U N D 

BS12VD 
CS12VD 

BS16ND 
CS16ND 
BS16VD 

ASbFDP3 
BS8FDP5 

Group 1 

4.19-4 
4 .66-4 
4 .75-4 

4 .06-4 
4 .51-4 
4 .60-4 

4 . 5 6 - 4 

4 . 6 3 - 4 

4 . 4 6 - 4 
4.55-4 
4 .51-4 

4 .63-4 
4 .57 .4 

Group Z 

6.96-4 
7.86-4 
8.04-4 

6.75-4 
7.60-4 
7.77-4 

7.69-4 
7.83-4 

7.51-4 
7.68-4 
7.61-4 

7.72-4 
7.73-4 

P r o b l e m 

AS8ND 
BS8ND 
CS8ND 

AS12ND 
BS12ND 
CS12ND 

BS12VD 
CS12VD 

BS16ND 
CS16ND 
BS16VD 

AS6FDP3 
BS8FDP5 

CDC-6600 

2.30 
8.83 

19.56 

4.43 
17.81 
39.54 

15.74 
34.90 

25.58 
56.76 

6.54 
26.88 

CDC-7600* 

3.60 

6.55 

^These problems were run before the 7600 
became available. The 7600 times shown 
are typical. All times include time for 
periodic and final dumps and printing. 

EXHIBIT C The group 1 relative e r ro r for CS16ND, CS12VD, and 
BS8FDP5, with respect to the P i , infinite medium solution along y = 80 cm. 
A negative deviation indicates an approximate solution smaller than the 
Pi9 value at that point. Comparisons near the right boundary are not sig­
nificant because of the different boundary conditions used. The approximate 
solutions were interpolated linearly in x and y to the y = 80 line at the 
x values for which the P19 solution ^vas given. 

Note that the Pn-like discrete-ordinate coinputations give the 
smoothest fluxes. The VD calculations show a pronounced ray effect which 
is also visible in the ND calculations. The ray effect excites a spatial os­
cillation in the CS16ND fluxes. 

EXHIBIT D Same plot as EXHIBIT C, except near y = 140. In this 
plot, the P19 solutions were extrapolatedor interpolated to the y-value at 
which the approximate solution was given. 

EXHIBIT E Same plot as EXHIBIT C, for group 2. The BS8FDP5 
solution was obtained with a reflecting boundary condition on the ripht. 
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EXHIBIT C 

Group 1 Relative E r r o r at y = 80. Vacuum boundary 
condition used in all solutions. 
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EXHIBIT D 

Group I Relative Er ro r near y = 140 
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EXHIBIT E 

Group 2 Relative E r r o r near y = 140. Same plot as the group 1 
plot of EXHIBIT D, except that BS8FDP5 used a reflecting 

boundary condition on the right. 

a - CS16ND 
X • CS12VD 
/ - BSBFDP6 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion ; 5 -A2-3 B e n c h m a r k P r o b l e m ID.5-A2 

Date Submi t ted ; D e c e m b e r 1972 By: H. G r e e n s p a n (ANL) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted : D e c e m b e r 1972 By: E . M. G e l b a r d (ANL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : Mul t ig roup T w o - d i m e n s i o n a l T r a n s p o r t in (x,y) G e o m e t r y 

M a t h e m a t i c a l Model 

D i s c r e t e o r d i n a t e s u s ing a s y m m e t r i c se t of d i r e c t i o n s and w e i g h t s . 
Diamond Dif fe rence S c h e m e . 

P e r t i n e n t F e a t u r e s of Techn iques Used 

All c a l cu l a t i ons w e r e m a d e us ing the ARC S y s t e m t w o - d i m e n s i o n a l 
t r a n s p o r t t h e o r y capab i l i t y , SNARC2D. ' 

C o m p u t e r ; IBM 3 6 0 / l 9 5 Date Solved: D e c e m b e r 1972 

at; ANL 

R e f e r e n c e 

1. H. G r e e n s p a n , R. T h o m p s o n , and G. K. Leaf, The ARC S y s t e m 
T w o - d i m e n s i o n a l T r a n s p o r t T h e o r y Capab i l i t y , SNARC2D, A r g o n n e Nat ional 
L a b o r a t o r y R e p o r t ANL-7718 (to be pub l i shed ) . 

De ta i l s of the Ca l cu l a t i on 

T h i r t y - n i n e e q u a l l y - s p a c e d i n t e r v a l s w e r e used be tween x = 0.0 
and 65.0, with 42 e q u a l l y - s p a c e d i n t e r v a l s be tween x = 65.0 and 133.0. In 
the y d i r e c t i o n 36 e q u a l l y - s p a c e d i n t e r v a l s w e r e used be tween 0.0 and 60 .0 , 
with 48 be tween y = 60.0 and 140.0. Sg o r d e r was appl ied with a global 
c of 10 for the c o n v e r g e n c e c r i t e r i o n . 

R e s u l t s 

Execu t ion t i m e was 5.31 m i n u t e s . 

EXHIBIT A S c a l a r flux so lu t ions for g roups 1 and 2 on l i nes 79.16667, 
80 .83333 , the i n t e r p o l a t e d value at y = 80.0 , and y = 139.16667 c m for 
X = 0 .833(1.667)64.167 and 65.810(1 .619)132.190. 
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EXHIBIT A 

G r o u p 1 

79.16667 80.83333 y = 80.0^ 1 39.16667 

2 .001469D-03 
2 .001045D-03 
2 .000790D-03 
2 .001686D-03 
1.999530D-03 
2 .001433D-03 
1.996376D-03 
1 .999401D-03 
1.993821D-03 
1.993588D-03 
1.990387D-03 
1.988725D-03 
1.988166D-03 
1.984399D-03 
1.987529D-03 
1.978249D-03 
1.974149D-03 
1.959850D-03 
1.943888D-03 
1.938357D-03 
1.916330D-03 
1.896219D-03 
1.875528D-03 
1.877131D-03 
1.873704D-03 
1.821487D-03 
1.785972D-03 
1.755575D-03 
1.709873D-03 
1.666135D-03 
1 .630124D-03 
1.595332D-03 
1.578682D-03 
1 .508923D-03 
1.351320D-03 
1.186989D-03 
1.085007D-03 
1 .038607D-03 
1 .013069D-03 
9 .925418D-04 
9 .658077D-04 

1 .627102D-03 
1.626072D-03 
1.627559D-03 
1.623893D-03 
1.626784D-03 
1.621222D-03 
1.624984D-03 
1.619958D-03 
1.620243D-03 
1 .620841D-03 
1 .617314D-03 
1.619854D-03 
1.614693D-03 
1.614485D-03 
1.606629D-03 
1.597655D-03 
1.593971D-03 
1.580385D-03 
1.583395D-03 
1.565533D-03 
1.547026D-03 
1.537764D-03 
1.531952D-03 
1.531495D-03 
1.492489D-03 
1 .455404D-03 
1 .443269D-03 
1.413634D-03 
1.372948D-03 
1.350646D-03 
1.318661D-03 
1.297607D-03 
1.280830D-03 
1.202726D-03 
1.065672D-03 
9 .437428D-04 
8 .751516D-04 
8 .424028D-04 
8.23191 l D - 0 4 
8.060939D-04 
7.897318D-04 

1.814286D-03 
1.813559D-03 
1.814175D-03 
1.812790D-03 
1.813157D-03 
1.811328D-03 
1.810680D-03 
1.809680D-03 
1.807032D-03 
1.807215D-03 
1.803851D-03 

• 1.804290D-03 
1.801430D-03 
1.799442D-03 
1.797079D-03 
1.787952D-03 
1.784060D-03 
1.7701 18D-03 
1.763642D-03 
1.751945D-03 
1.731678D-03 
1.716992D-03 
1.703*7400-03 
1.704313D-03 
1.683097D-03 
1.638446D-03 
1.614621D-03 
1.584605D-03 
1.54141 l D - 0 3 
1.508391D-03 
1.474393D-03 
1.446470D-03 
1.429756D-03 
1.355825D-03 
1.208496D-03 
1.065366D-03 
9 .800793D-04 
9 .405049D-04 
9 .181301D-04 
8 .993179D-04 
8 .777698D-04 

3 .549456D-06 
3 .654250D-06 
3 .545921D-06 
3 .493487D-06 
3 .549045D-06 
3 .540072D-06 
3 .572496D-06 
3 .549923D-06 
3 .427383D-06 
3 .491421D-06 
3 .500240D-06 
3 .461970D-06 
3 .636423D-06 
3 .489909D-06 
3 .399701D-06 
3 .524340D-06 
3 .482470D-06 
3 .399345D-06 
3 .400200D-06 
3 .374925D-06 
3 .358434D-06 
3 .349214D-06 
3 .387642D-06 
3 .395431D-06 
3 .181113D-06 
2 .906674D-06 
2 .658226D-06 
2 .378639D-06 
2 .252070D-06 
2 .177667D-06 
2 .123464D-06 
2 .101185D-06 
2 .039615D-06 
2 .095805D-06 
2 .023839D-06 
1.937375D-06 
2 .012146D-06 
1.902583D-06 
1.918753D-06 
1 .867202D-06 
1 .832424D-06 
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EXHIBIT A (Contd.) 

Group 1 (Contd.) 

79.16667 y = 80.83333 y 80.Oa y = 139 .16667 

9 . 2 4 8 9 6 6 D - 0 4 
8 . 3 3 6 3 8 9 D - 0 4 
6 . 7 7 1 9 9 3 D - 0 4 
5 . 1 5 5 5 7 0 D - 0 4 
4 . 3 4 2 7 4 1 D - 0 4 
4 . 0 6 0 1 3 4 D - 0 4 
3 . 7 7 1 4 7 9 D - 0 4 
3 . 5 8 6 4 4 6 D - 0 4 
3 . 0 6 0 1 8 8 D - 0 4 
2 . 4 9 8 8 8 8 D - 0 4 
2 . 2 5 0 4 5 2 D - 0 4 
2 . 0 6 4 6 3 5 D - 0 4 
1 .787712D-04 
1 .550864D-04 
1 .265244D-04 
1 .019036D-04 
8 . 4 7 9 5 2 7 D - 0 5 
6 . 8 9 8 7 5 0 D - 0 5 
5 . 8 2 3 6 4 4 D - 0 5 
4 . 8 0 7 7 9 8 D - 0 5 
3 .979903D-05 
3 . 2 6 2 7 8 7 D - 0 5 
2 . 7 3 2 6 4 1 D - 0 5 
2 . 2 5 3 8 1 9 D - 0 5 
1 .873888D-05 
I . 5 1 6 4 4 1 D - 0 5 
I . 2 6 4 1 1 3 D - 0 5 
I . 0 7 3 4 2 6 D - 0 5 
9 . 4 0 3 2 0 0 D - 0 6 
7 . 2 0 1 2 0 2 D - 0 6 
6 . 3 3 9 2 5 2 D - 0 6 
5 . 3 8 5 4 2 4 D - 0 6 
4 . 6 0 5 3 0 4 D - 0 6 
3 . 8 8 2 3 9 1 D - 0 6 
3 . 3 4 1 1 7 6 D - 0 6 
2 . 7 5 6 3 5 7 D - 0 6 
2 . 1 7 2 6 4 2 D - 0 6 
1 .926137D-06 
1 .796682D-06 
1 .604686D-06 

7 . 5 9 3 8 1 6 D - 0 4 
6 . 9 4 9 9 7 7 D - 0 4 
5 . 8 0 5 6 3 6 D - 0 4 
4 . 4 4 9 9 0 7 D - 0 4 
3 . 5 9 3 3 0 1 D - 0 4 
3 . 3 5 4 0 9 1 D - 0 4 
3 . 1 2 6 1 3 8 D - 0 4 
2 . 8 7 7 4 9 5 D - 0 4 
2 . 7 2 4 7 2 3 D - 0 4 
2 . 2 9 9 7 2 7 D - 0 4 
1 .878122D-04 
1 . 6 7 9 1 8 9 D - 0 4 
1 .540737D-04 
1 .341322D-04 
1 .202719D-04 
1 .016404D-04 
8 . 2 0 9 0 8 4 D - 0 5 
6 . 7 3 1 5 1 9 D - 0 5 
5 . 3 9 2 3 5 3 D - 0 5 
4 . 5 1 6 5 2 2 D - 0 5 
3 .725493D-05 
3 . 0 7 1 2 5 6 D - 0 5 
2 . 5 2 5 0 1 7 D - 0 5 
2 . 1 1 3 4 8 6 D - 0 5 
1 .764423D-05 
1 .459790D-05 
1 .228604D-05 
1 .001282D-05 
8 . 4 1 5 0 3 1 D - 0 6 
7 . 0 9 0 5 4 3 D - 0 6 
5 . 7 9 8 1 0 4 D - 0 6 
4 . 8 6 3 1 4 5 D - 0 6 
4 . 1 2 0 3 5 6 D - 0 6 
3 . 5 3 7 4 0 8 D - 0 6 
2 . 9 4 0 6 8 6 D - 0 6 
2 . 5 1 0 8 0 8 D - 0 6 
2 . 1 1 1 2 1 2 D - 0 6 
1 . 7 7 9 9 3 5 D - 0 6 
1 . 4 6 3 7 4 8 D - 0 6 
1 .276550D-06 

8 . 4 2 1 3 9 1 D - 0 4 
7 . 6 4 3 1 8 3 D - 0 4 
6 . 2 8 8 8 1 5 D - 0 4 
4 . 8 0 2 7 3 9 D - 0 4 
3 . 9 6 8 0 2 1 D - 0 4 
3 . 7 0 7 1 1 3 D - 0 4 
3 . 4 4 8 8 0 9 D - 0 4 
3 . 1 5 5 5 8 5 D - 0 4 
2 . 8 9 2 4 5 6 D - 0 4 
2 . 3 9 9 3 0 8 D - 0 4 
2 . 0 6 4 2 8 7 D - 0 4 
1 .871912D-04 
1 .664225D-04 
1 .446093D-04 
1 .233982D-04 
1 .017720D-04 
8 . 3 4 4 3 0 6 D - 0 5 
6 . 8 1 5 1 3 5 D - 0 5 
5 . 6 0 7 9 9 9 D - 0 5 
4 . 6 6 2 1 6 0 D - 0 5 
3 .852698D-05 
3 .167022D-05 
2 . 6 2 8 8 2 9 D - 0 5 
2 . 1 8 3 6 5 3 D - 0 5 
1 .819156D-05 
1 .488116D-05 
1 .246359D-05 
1 .037354D-05 
8 . 9 0 9 1 1 6 D - 0 6 
7 . 1 4 5 8 7 3 D - 0 6 
6 . 0 6 8 6 7 8 D - 0 6 
5 . 1 2 4 2 8 5 D - 0 6 
4 . 3 6 2 8 3 0 D - 0 6 
3 .709900D-06 
3 . 1 4 0 9 3 1 D - 0 6 
2 . 6 3 3 5 8 3 D - 0 6 
2 . 1 4 1 9 2 7 D - 0 6 
1 .853036D-06 
"1 .630215D-06 
1 .440618D-06 

1 . 8 4 3 9 8 1 D - 0 6 
1 . 7 8 0 1 7 9 D - 0 6 
1 .784665D-06 
1 .756242D-06 
1 . 7 1 0 6 5 9 D - 0 6 
1 . 6 9 4 6 3 8 D - 0 6 
1 . 6 3 4 2 6 2 D - 0 6 
1 . 6 2 2 5 1 5 D - 0 6 
1 . 5 3 7 9 8 7 D - 0 6 
1 .394353D-06 
1 .136261D-06 
7 . 6 4 6 3 8 2 D - 0 7 
6 . 5 6 6 9 8 6 D - 0 7 
5 . 8 6 9 9 0 4 D - 0 7 
4 . 9 9 4 9 6 3 D - 0 7 
4 . 3 8 3 6 5 4 D - 0 7 
3 . 8 6 5 5 1 7 D - 0 7 
3 . 6 9 3 9 7 9 D - 0 7 
3 . 4 2 3 0 0 7 D - 0 7 
3 . 4 5 2 8 0 1 D - 0 7 
3 . 2 8 4 5 9 5 D - 0 7 
3 . 0 3 5 1 4 2 D - 0 7 
2 . 9 1 6 7 4 7 D - 0 7 
2 . 8 2 6 0 3 5 D - 0 7 
2 . 6 6 7 3 2 9 D - 0 7 
2 . 5 7 2 3 0 3 D - 0 7 
2 . 5 0 5 9 2 9 D - 0 7 
2 . 4 2 4 4 2 1 D - 0 7 
2 . 3 4 8 7 2 9 D - 0 7 
2 . 2 8 4 4 1 9 D - 0 7 
2 . 1 9 1 2 0 7 D - 0 7 
2 . 1 2 3 9 3 3 D - 0 7 
2 . 0 7 1 6 8 1 D - 0 7 
1 .989596D-07 
1 . 8 9 3 8 5 7 D - 0 7 
1 .717827D-07 
1 .445471D-07 
8 . 3 8 8 8 3 0 D - 0 8 
6 . 7 6 2 1 9 0 D - 0 8 
6 . 3 2 3 5 3 5 D - 0 8 
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EXHIBIT A (Contd.) 

G r o u p 2 

79.16667 80 .83J33 y = 80.oa 139.16667 

4 .722835D-03 
4 .722008D-03 
4 .720963D-03 
4 .723245D-03 
4 .717451D-03 
4 .722723D-03 
4 .710109D-03 
4 .718715D-03 
4 .705956D-03 
4 .707511D-03 
4 .701658D-03 
4 .699014D-03 
4 .698184D-03 
4 .686980D-03 
4.691996D-03 
4 .667578D-03 
4 .661010D-03 
4 .635838D-03 
4.606609D-03 
4 .601224D-03 
4 .559772D-03 
4 .544995D-03 
4 .467766D-03 
4 .385755D-03 
4 .387396D-03 
4 .324480D-03 
4 .265568D-03 
4 .161410D-03 
4 .052533D-03 
3 .980207D-03 
3 .871506D-03 
3 .783899D-03 
3 .741417D-03 
3 .591609D-03 
3 .225521D-03 
2 .840629D-03 
2 .592631D-03 
2 .467451D-03 
2 .396330D-03 
2 .335331D-03 
2 .259112D-03 

3 .800795D-03 
3 .798112D-03 
3 .802234D-03 
3.793179D-03 
3.801213D-03 
3 .787879D-03 
3 .798440D-03 
3 .787083D-03 
3 .788994D-03 
3 .790951D-03 
3 .781863D-03 
3..786929D-03 
3.772772D-03 
3 .772096D-03 
3 .756507D-03 
3 .741130D-03 
3 .739753D-03 
3 .708900D-03 
3 .715898D-03 
3 .674378D-03 
3 .645991D-03 
3.603774D-O3 
3 .532600D-03 
3 .563243D-03 
3 .523170D-03 
3 .440363D-03 
3 .394748D-03 
3 .320955D-03 
3 .236180D-03 
3 .172927D-03 
3.099662D-03 
3.043659D-03 
3.012601D-03 
2 .834170D-03 
2 .522016D-03 
2 .235161D-03 
2 .066371D-03 
1.983539D-03 
1.927510D-03 
1.877828D-03 
1.830596D-03 

4 .261815D-03 
4 .260060D-03 
4 .261599D-03 
4 .258212D-03 
4 .259332D-03 
4 .255301D-03 
4 .254275D-03 
4.252899D-03 
4 .247475D-03 
4 .249231D-03 
4 .241761D-03 
4 .242972D-03 
4 .235478D-03 
4 .229538D-03 
4 .224252D-03 
4 .204354D-03 
4 .200382D-03 
4 .172369D-03 
4 .161254D-03 
4 .137801D-03 
4 .102882D-03 
4 .074137D-03 
4 .00S183D-03 
3.974499D-03 
3.955283D-03 
3 .882422D-03 
3 .830158D-03 
3 .741183D-03 
3 .644357D-03 
3 .576567D-03 
3 .485584D-03 
3 .413779D-03 
3 .377009D-03 
3 .212890D-03 
2 .873769D-03 
2 .537895D-03 
2 .329501D-03 
2 .225495D-03 
2 .161920D-03 
2 .106580D-03 
2 .044854D-03 

6 .147741D-06 
6 .336581D-06 
6 .134945D-06 
6 .022309D-06 
6 .127439D-06 
6 .111912D-06 
6 .120777D-06 
6.066946D-06 
5 .833043D-06 
5.966277D-06 
6 .168332D-06 
5 .926314D-06 
5 .941656D-06 
6 .036126D-06 
5 .957926D-06 
5 .917844D-06 
5 .790044D-06 
5 .857716D-06 
6 .009557D-06 
5 .893730D-06 
5 .749774D-06 
5 .648509D-06 
5 .765124D-06 
5 .770130D-06 
5 .307046D-06 
5 .059443D-06 
4 .707374D-06 
4 .252585D-06 
3 .988442D-06 
3 .883074D-06 
3 .702709D-06 
3 .748959D-06 
3 .549974D-06 
3 .574309D-06 
3 .453220D-06 
3 .480971D-06 
3 .445005D-06 
3 .258541D-06 
3 .298288D-06 
3 .177022D-06 
3 .093347D-06 
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EXHIBIT A (Contd.) 

Group 2 (Contd.) 

79.16667 y = 80.83333 80.oa 139.16667 

2 .151677D-03 
1.929578D-03 
1.559622D-03 
1.185520D-03 
1.003793D-03 
9 .430083D-04 
8 .561989D-04 
8 .186897D-04 
6 .987154D-04 
5 .624091D-04 
5 .040688D-04 
4 .618966D-04 
3 .916943D-04 
3 .394085D-04 
2 .751051D-04 
2 . 2 I 4 7 4 3 D - 0 4 
I .836098D-04 
I .473154D-04 
1.230125D-04 
9 .892470D-05 
8 .260762D-05 
6 .791698D-05 
5 .642885D-05 
4 .604554D-05 
3 .702753D-05 
3 .100025D-05 
2 .655523D-05 
2 .201963D-05 
1.865951D-05 
I .451499D-05 
1.214741D-05 
1.04941 l D - 0 5 
8 .977187D-06 
7 .513291D-06 
6 .428657D-06 
5 .299891D-06 
4 .076739D-06 
3 .401178D-06 
3 .204541D-06 
2 .667998D-06 

1.750131D-03 
1.592082D-03 
1.324337D-03 
1.012993D-03 
8 .201179D-04 
7.709776D-04 
7.166892D-04 
6 .536832D-04 
6 .198329D-04 
5 .129801D-04 
4 .119667D-04 
3.700326D-04 
3.405514D-04 
2 .932947D-04 
2 .607647D-04 
2 .154423D-04 
1.752320D-04 
1.431899D-04 
1.144255D-04 
9 .668825D-05 
7.780630D-05 
6 .286702D-05 
5.112834D-05 
4 .337735D-05 
3.582055D-05 
2 .893029D-05 
2 .431917D-05 
2 .026584D-05 
1.702136D-05 
1.408056D-05 
1.141206D-05 
9.828743D-06 
8.226479D-06 
6 .720978D-06 
5.655577D-06 
4 .838325D-06 
4 .220389D-06 
3.381979D-06 
2 .768785D-06 
2 .327367D-06 

1.951494D-03 
1.760830D-03 
1.441980D-03 
1.099257D-03 
9 .119555D-04 
8 .569930D-04 
7.864441D-04 
7.361865D-04 
6 .592742D-04 
5.376946D-04 
4 .580178D-04 
4 .159646D-04 
3 .661229D-04 
3 .163516D-04 
2 .679349D-04 
2 .184583D-04 
1.794209D-04 
1.452327D-04 
1.187190D-04 
9 .780648D-05 
8.020696D-05 
6 .539200D-05 
5 .377860D-05 
4 .471145D-05 
3.642404D-05 
2 .996527D-05 
2 .543720D-05 
2 .114274D-05 
1.784044D-05 
1.429778D-05 
1.177974D-05 
1.016143D-05 
8.601833D-06 
7.117135D-06 
6.042117D-06 
5.069108D-06 
4 .148564D-06 
3.391579D-06 
? .986663D-06 
2 .497683D-06 

3 .125055D-06 
3 .000364D-06 
3 .018329D-06 
2 .932069D-06 
2 .847648D-06 
2 .803006D-06 
2 .682276D-06 
2 .622296D-06 
2 .503798D-06 
2 .294163D-06 
1 .811259D-06 
1.333693D-06 
1 .202928D-06 
9 .493772D-07 
9 .016316D-07 
7 .304310D-07 
7 .011084D-07 
6 .469371D-07 
5 .847411D-07 
5 .650618D-07 
5 .450379D-07 
5 .204371D-07 
4 .927532D-07 
4 .521012D-07 
4 .497325D-07 
4 .114592D-07 
4 .109258D-07 
3 .719022D-07 
3 .606390D-07 
3 .566153D-07 
3 .285397D-07 
3 .263041D-07 
3 .218885D-07 
2 .926214D-07 
2 .770520D-07 
2 .616916D-07 
1.959424D-07 
1.119969D-07 
1 .004464D-07 
9 .346458D-08 
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BENCHMARK P R O B L E M 

Iden t i f i ca t ion : 5 - B l S o u r c e S i tua t ion ID.5 

Da te Submi t t ed : D e c e m b e r 1970 By: B . C rawford (KAPL) 
(Name and O r g a n i z a t i o n ) 

Date A c c e p t e d : D e c e m b e r 1970 By: K. L a t h r o p (LASL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : Mu l t i g roup T w o - d i m e n s i o n a l T r a n s p o r t 

Reduc t ion of Source P r o b l e m 

1 . Mu l t i g roup a p p r o x i m a t i o n m a d e 

2. I s o t r o p i c s c a t t e r i n g a s s u m e d 

3. r , z g e o m e t r y 

4. Bounda ry condi t ions as shown 

Conf igu ra t ion 

140 cm 

Reflecting 
Boundary 

60 cm 

Vacuum Boundary 

Homogeneous 
Material Composition 
Throughout 

Spatially 
Constant 
Source 
in This Region 

65 c ni 

Reflecting Boundary 

Vacuum 
Boundary 

133 cm 
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D a t a 

I s o t r o p i c c r o s s s e c t i o n s ( c m " ) a n d s o u r c e d e n s i t y ( n e u t r o n s / c m ) 

Sa 

vZf 

^t 

*-so 

r . g - l ^ g 
-^SO 

S o u r c e d e n s i t y 

G r o u p 1 

0 . 0 6 1 7 2 3 

0 .0 

0 . 0 9 2 1 0 4 

0 . 0 0 6 9 4 7 

0 . 0 

0 . 0 0 6 5 4 6 

G r o u p 2 

0 . 0 9 6 0 2 7 

0 .0 

0 . 1 0 0 8 7 7 

0 . 0 0 4 8 5 0 

0 . 0 2 3 4 3 4 

0 . 0 1 7 7 0 1 

E x p e c t e d P r i m a r y R e s u l t s 

1. S c a l a r flux in e a c h g r o u p a l o n g h o r i z o n t a l a n d v e r t i c a l l i n e s 

2 . T o t a l r i g h t a n d t o p l e a k a g e in e a c h g r o u p 

3 . N u m b e r of i t e r a t i o n s i n e a c h g r o u p 

4 . T o t a l m a c h i n e t i m e 

P o s s i b l e A d d i t i o n a l R e s u l t s 

1. D e p e n d e n c e of r e s u l t s a n d i n a c h i n e t i m e o n ; 

a . s p a c e m e s h 

b . a n g u l a r a p p r o x i m a t i o n 

c . d i f f e r e n c e s c h e m e s 

2 . S c a l a r flux a l o n g s e l e c t e d l i n e s 

B e s t S o l u t i o n A v a i l a b l e ; P i , S p h e r i c a l H a r m o n i c s s o l u t i o n fo r s c a l a r flux 

* g ( r , z = 1 2 0 ) r = 0 ( 1 ) 1 1 3 g = 1 ,2 

* g ( r = 1 1 3 , z ) z = 0 ( 1 ) 1 2 0 g = 1,2 

S o l u t i o n s • 

1. S p h e r i c a l H a r m o n i c s ; 5 - B l - l 

2 . D i s c r e t e O r d i n a t e s : 5 - B 1-2 , 5 - B l - 3 
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BENCHMARK PROBLEM SOLUTION 

Identification: 5 -Bl - l Benchmark Problem ID.5-B 1 

Date Submitted: December 1970 By: B. C rawford (KAPL) 
(Name and Organization) 

Date Accepted: December 1970 By: K. D. Lathrop (LASL) 
(Name and Organization) 

Descriptive Title: Two-group Two-dimensional Transport in (r,z) Geometry 

Mathematical Model 

Green's functions are calculated from a spherical harmonics (Pi,) 
approximation. The solution at each point of interest is obtained by inte­
gration over source regions. 

Pertinent Features of Solution Method 

1. Each group-kernel is tabulated as a function of the mean free 
path of group 1 with a table spacing of 0.01. Linear interpolation is per­
formed in this table given the distance from the flux point to the source 
point. Trapezoidal integration of source point contributions is car r ied out 
over each source domain to obtain the total flux. 

2. Contributions to the flux are computed from the source region 
given in the problem statement and from the image of this source region 
about z = 0. 

3. The source geometry implies an infinite medium around the 
source region and its reflection about z = 0. Fluxes within a few mean 
free paths of the right and top boundaries have been excluded from the r e ­
sults for this reason. 

Computer: CDC-6600 Date Solved; December 1970 

at; KAPL 

Results 

EXHIBIT A Scalar flux solutions for groups 1 and 2 on lines z = 
120 cm for r = 0(1)113 cm and r = 113 cm for z = 0(1)120 cm. 
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EXHIBIT A 

EXACT SOLUTION Z=120 GRP 1 PHI(R,120) PO RZ 

,22794E-04 .22792E-04 .2278SE-04 .22773E-04 .22757E-04 .22736E-04 
,22710E-04 .22679E-04 .22644E-04 .22603E-04 .225S8E-04 .22S07E-04 
,224SlE-04 .22390E-04 .22323E-04 .222S1E-04 .22173E-04 .22090E-04 
,22000E-04 .21904E-04 .21802E-04 .21694E-04 .21S79E-04 .21458E-04 
,21330E-04 .21195E-04 .210S3E-04 .20903E-04 .20747E-04 .20582E-04 
.20411E-04 .20232E-04 .20045E-04 .198S0E-04 .19647E-04 .I9436E-04 
,19218E-04 .18991E-04 .18757E-04 .18515E-04 .18265E-04 .18007E-04 
.17741E-04 .17468E-04 .17188E-04 .16900E-04 .16605E-04 .16304E-04 
.1S997E-04 .15683E-04 .15364E-04 .15039E-04 .14709E-04 .14375E-04 
,14036E-04 .13694E-04 .13349E-04 .13001E-04 .12651E-04 .12299E-04 
,11946E-04 .11593E-04 .11239E-04 .10887E-04 .1053SE-04 .10185E-04 
.98373E-0S .94925E-0S .91509E-05 .88131E-05 .84796E-04 .81509E-05 
.78274E-05 .7S09SE-05 .71976E-05 .68920E-05 .65932E-05 .63013E-05 
.60167E-0S .57395E-05 .54701E-05 .S208SE-05 .49S48E-05 .47093E-05 
.44720E-05 .42428E-05 .40219E-05 .38092E-05 .36047E-05 .34083E-05 
,32200E-05 .30396E-0S .28670E-0S .27020E-05 .25446E-05 .23946E-05 
,22517E-05 .21158E-0S .19866E-0S .18640E-05 .17478E-0S .16377E-05 
,15336E-0S .143S1E-0S .13421E-05 .12S43E-05 .11716E-0S .10936E-05 
,10203E-0S .95132E-06 .88652E-06 .82569E-06 .76861E-06 .71512E-06 

EXACT SOLUTION Z=120 GRP 2 PHI(R,120) PO RZ 

.41873E-04 .41869E-04 .418S7E-04 .4I837E-04 .41809E-04 .41772E-04 

.41728E-04 .41675E-04 .41613E-04 .41543E-04 .41464E-04 .41376E-04 

.41279E-04 .41172E-04 .41056E-04 .40929E-04 .40793E-04 .40646E-04 

.40489E-04 .40321E-04 .40141E-04 .399S0E-04 .39747E-04 .39S3IE-04 
,39303E-04 .39063E-04 .38809E-04 .38542E-04 .38261E-04 .37966E-04 
.37657E-04 .37334E-04 .36995E-04 .36642E-04 .36274E-04 .3S891E-04 
,35492E-04 .35078E-04 .34649E-04 .34205E-04 .3374SE-04 .33270E-04 
.32780E-04 .32275E-04 .3I756E-04 .31223E-04 .30676E-04 .30116E-04 
.29543E-04 .28958E-04 .28361E-04 .27754E-04 .27136E-04 .26S10E-04 
,2S875E-04 .2S232E-04 .24584E-04 .23929E-04 .23270E-04 .22608E-04 
.21944E-04 .21278E-04 .20612E-04 .19947E-04 .19284E-04 .I8625E-04 
.17969E-04 .17319E-04 .16676E-04 .16040E-04 .15412E-04 .14794E-04 
,14186E-04 .I3588E-04 .13003E-04 .12430E-04 .11870E-04 .11324E-04 
,10792E-04 .10275E-04 .97729E-05 .92861E-0S .88150E-05 .83S96E-0S 
.79201D-05 .74967E-05 .70892E-0S .66977E-05 .63221E-05 .59621E-0S 
.56177E-05 .5288SE-0S .49743E-05 .46749E-05 .43898E-0S .4I188E-05 
,386I4E-05 .36172E-05 .33858E-05 .31669E-0S .29599E-05 .27644E-05 
,25800E-0S .24062E-05 .22426E-0S .20887E-0S .19441E-05 .18084E-0S 
,16811E-0S .15618E-05 .14500E-05 .13455E-0S .12479E-05 .11566E-0S 
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EXHIBIT A (continued) 

EXACT SOLUTION R=113 GRP 1 PHI(113,Z) PO RZ 

,59910E-04 
,59746E-04 
,59228E-04 
,58280E-04 
,56783E-04 
.S4586E-04 
,51538E-04 
,47535E-04 
.42583E-04 
.36848E-04 
.30667E-04 
.24484E-04 
.18746E-04 
.13786E-04 
.97693E-05 
.6698SE-0S 
.44635E-0S 
.29027E-05 
.18494E-05 
.11583E-05 
.71512E-06 

,59906E-04 
.59686E-04 
.59102E-04 
,58072E-04 
.56469E-04 
.54141E-04 
,50939E-04 
.46773E-04 
.41674E-04 
,35838E-04 
.29624E-04 
.23486E-04 
.17858E-04 
.13049E-04 
.91937E-05 
.62720E-0S 
.41612E-05 
.26962E-05 
.17125E-05 
.10698E-0S 

59892E-04 
5961SE-04 
,58964E-04 
,S7849E-04 
,56I36E-04 
,53671E-04 
,503I2E-04 
,45985E-04 
,40745E-04 
.34816E-04 
,28583E-04 
.22502E-04 
,16994E-04 
.I2339E-04 
.86443E-05 
.5868IE-0S 
.38768E-05 
,25030E-0S 
.15851E-0S 
,98771E-06 

,59870E-04 
.59535E-04 
,58814E-04 
.S7609E-04 
,55782E-04 
,S3177E-04 
,496S9E-04 
,4517IE-04 
.39796E-04 
.33787E-04 
,27S46E-04 
,21535E-04 
.I6154E-04 
,116S6E-04 
,81206E-05 
.54860E-05 
.36095E-05 
.23224E-05 
,I4664E-0S 
.911S9E-06 

.59838E-04 

.59443E-04 

.58650E-04 

.573S2E-04 

.S5406E-04 

.526S7E-04 

.48978E-04 

.44332E-04 

.38829E-04 

.327S0E-04 

.26516E-04 

.20585E-04 

.15339E-04 

.llOOOE-04 

.76222E-05 

.51251E-05 

.33586E-05 

.21S37E-05 

.13561E-05 

.84102E-06 

.59797E-04 

.59341E-04 
,58472E-04 
,57077E-04 
,5S007E-04 
,52110E-04 
,48270E-04 
,43469E-04 
,37846E-04 
,3I710E-04 
,2S495E-04 
,19655E-04 
, 14549E-04 
,10371E-04 
,71483E-05 
.47845E-05 
,31233E-05 
,19962E-05 
.12S35E-0S 
,77565E-06 

EXACT SOLUTION R=1I3 GRP 2 PHI(113,Z) PO RZ 

,11802E-03 
,11773E-03 
,11678E-03 
,11503E-03 
,11221E-03 
,10801E-03 
,10207E-03 
.94159E-04 
,84253E-04 
,72686E-04 
,60164E-04 
,47641E-04 
,36068E-04 
,26152E-04 
,18221E-04 
,122S3E-04 
,79902E-OS 
,507S9E-05 
,31544E-05 
,19247E-0S 
,11566E-05 

,11802E-03 
.11762E-03 
.II6S5E-03 
,11464E-03 
,11162E-03 
.I0714E-03 
.10089E-03 
.92642E-04 
,82426E-04 
,70641E-04 
.580S0E-04 
.45623E-04 
,34287E-04 
,24689E-04 
.1709SE-04 
.11433E-04 
.74208E-05 
,46957E-0S 
,29085E-05 
,17698E-05 

11799E-03 
11749E-03 
11630E-03 
11422E-03 
11098E-03 
10623E-03 
99660E-04 
91070E-04 
80S54E-04 
68574E-04 
55940E-04 
43636E-04 
32555E-04 
23282E-04 
16023E-04 
10659E-04 
68872E-05 
43413E-0S 
26805E-05 
16267E-05 

.11795E-03 

.11734E-03 

.I1602E-03 

.11377E-03 

.11030E-03 

.10527E-03 

.98370E-04 

.89443E-04 

.7864IE-04 

.66488E-04 

.53840E-04 

.41684E-04 

.30873E-04 

.2I933E-04 

.15004E-04 

.99298E-05 

.63876E-05 

.40115E-0S 

.24692E-0S 

.14946E-0S 

.II789E-03 

.11717E-03 

.11S71E-03 

.11329E-03 

.109S8E-03 

.10426E-03 

.97023E-04 

.87764E-04 

.76689E-04 

.64388E-04 

.S1754E-04 

.39770E-04 

.2924SE-04 

.20639E-04 

.14037E-04 

.92429E-0S 

.59202E-05 

.37046E-0S 

.22734E-05 

.13727E-05 

,11782E-03 
.II699E-03 
.1I558E-03 
,lI277E-03 
.10882E-03 
.103I9E-03 
.9S6I9E-04 
.86033E-04 
.74703E-04 
.62278E-04 
.49686E-04 
.37897E-04 
.27671E-04 
.19402E-04 
.13120E-04 
.85970E-05 
.54835E-05 
.34194E-0S 
.20923E-05 
.12603E-05 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion ; 5 - B 1 - 2 B e n c h m a r k P r o b l e m ID. 5 -Bl 

Date Submit ted; Oc tobe r 1971 By: K. D. L a t h r o p (LASL) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted ; N o v e m b e r 1971 By: D. A. M e n e l e y (ANL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : Mul t ig roup T w o - d i m e n s i o n a l T r a n s p o r t in ( r , z ) G e o m e t r y 

M a t h e m a t i c a l Model 

D i s c r e t e O r d i n a t e s 

P e r t i n e n t F e a t u r e s of T e c h n i q u e s Used 

Los A l a m o s ca l cu l a t i ons w e r e p e r f o r m e d with the TWOTRAN p r o ­
g r a m or mod i f i ca t ions thereof . 

C o m p u t e r : CDC-6600 and 7600 Date Solved: J a n u a r y and 

S e p t e m b e r 1971 

at: LASL 

R e f e r e n c e 

1. K. D. L a t h r o p and F . W. B r i n k l e y , Code A b s t r a c t : G e n e r a l -
G e o m e t r y TWOTRAN, Nucl . Sci . Eng. 44, 276 (1971). 

De ta i l s of the Ca l cu l a t i on 

T h r e e d i f ferent spa t i a l m e s h e s w e r e u sed . In each c a s e , â  e q u a l l y -
spaced i n t e r v a l s be tween 0.0 and 65.0 and h^ e q u a l l y - s p a c e d i n t e r v a l s b e ­
tween 65.0 and 133.0 in r , and £ e q u a l l y - s p a c e d i n t e r v a l s be tween 0 and 
60.0 and d̂  e q u a l l y - s p a c e d i n t e r v a l s be tween 60.0 and 140.0 in z w e r e u s e d . 
The t h r e e m e s h e s a r e given by 

A 
B 
C 

a 

13 
26 
39 

b 

14 
28 
42 

c 

12 
24 
36 

d 

16 
32 

• 48 

Total Number 
of Cells 

756 
3024 
6804 

Two dif ferent S ,̂ o r d e r s w e r e used and two types of c a l cu l a t i ons done . 
N o r m a l dia inond (ND) and v a r i a b l e - d i a m o n d (VD) d i f fe rence s c h e m e s w e r e 
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u s e d . The c a l c u l a t i o n s a r e l a b e l e d by m e s h , S^ o r d e r , and d i f f e r e n c e 
s c h e m e . F o r e x a m p l e , BS12VD is a B m e s h , o r d e r S,2, v a r i a b l e - d i a m o n d 
s c h e m e . 

R e s u l t s 

The r e l a t i v e p e r c e n t a g e e r r o r wi th r e s p e c t to the P , , i n f i n i t e - m e d i u m 
so lu t ion is given. In addi t ion to the L o s A l a m o s CS12VD so lu t ion , a B e t t i s 
A tomic P o w e r L a b o r a t o r y d i s c r e t e o r d i n a t e so lu t ion and a Knol l s A tomic 
P o w e r L a b o r a t o r y so lu t ion a r e c o m p a r e d with the P i , so lu t ion . 

EXHIBIT A The g roup 1 r ad i a l e r r o r t r a v e r s e n e a r z = 120 c m . 

EXHIBIT B The group 1 axia l e r r o r t r a v e r s e n e a r r = 113 c m . 

EXHIBIT C The group 2 r ad i a l e r r o r t r a v e r s e n e a r z = 120 c m . 

EXHIBIT D The g roup 2 axial e r r o r t r a v e r s e n e a r r = 113 c m . 
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EXHIBIT A 

Group 1 Radial E r r o r Traverse near z = 120 cm 

z 
o 
1-

< 
> UJ 

o 
1 -

z UJ 

u E 

4.698 

0 2 8 9 
0,0 m 

D - LASLCS12VD 

X - BETTIS 

/ . KAPL MESH 62X66 
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EXHIBIT B 

Group 1 Axial E r r o r Traverse near r = 113 cm 

120.000 

D - LASLCS12VD 

X - BETTIS 

/ - KAPL MESH 62X66 
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EXHIBIT C 

Group 2 Radial E r r o r Traverse near z = 120 cm 

Z 
o 
I -< 
— 5 7 9 1 

> 
LU 
Q 
1 -
UJ 1.595 
O 
CC 0.0 

\ 

1 

\ ri 1'' 

\i \ 1 
/ ' 

j \ w h 
1 \ 

f J 

( 

^ 1 

M n L 1 

1 
D - LASLCS12VD 

X - BETTIS 

; ' KAPL MESH 62X66 
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EXHIBIT D 

Group 2 Axial E r r o r Traverse near r = 113 cm 

K71 

D - L A S L C S 1 2 V D 

X • BETTIS 

/ . KAPL MESH 62X66 

md-
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion : 5 - B 1 - 3 B e n c h m a r k P r o b l e m I D . 5 - B l 

Date Submi t ted : D e c e m b e r 1972 By; H. G r e e n s p a n (ANL) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted ; J a n u a r y 1973 By; E . M. G e l b a r d (ANL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e ; Mul t ig roup T w o - d i m e n s i o n a l T r a n s p o r t in ( r , z ) G e o m e t r y 

M a t h e m a t i c a l Model 

D i s c r e t e o r d i n a t e s u s ing a s y m m e t r i c se t of d i r e c t i o n s and w e i g h t s . 
Diamond Dif fe rence S c h e m e . 

P e r t i n e n t F e a t u r e s of Techn iques Used 

All c a l cu l a t i ons w e r e m a d e us ing the ARC S y s t e m t w o - d i m e n s i o n a l 
t r a n s p o r t t h e o r y capab i l i t y , SNARC2D. ' 

C o m p u t e r : IBM 3 6 0 / l 95 Date Solved; D e c e m b e r 1972 

at; ANL 

R e f e r e n c e 

1. H. G r e e n s p a n , R. T h o m p s o n , and G. K. Leaf, The ARC S y s t e m 
T w o - d i m e n s i o n a l T r a n s p o r t T h e o r y Capab i l i t y , SNARC2D, A r g o n n e Nat iona l 
L a b o r a t o r y R e p o r t ANL-7718 (to be pub l i shed) . 

De ta i l s of the Ca l cu l a t i on 

T h i r t y - n i n e e q u a l l y - s p a c e d i n t e r v a l s w e r e used be tween r = 0.0 and 
65.0 with 42 e q u a l l y - s p a c e d i n t e r v a l s be tween r = 65.0 and 133.0. In the 
z d i r e c t i o n 36 e q u a l l y - s p a c e d i n t e r v a l s w e r e u s e d be tween 0.0 and 60.0 with 
48 be tween z = 60.0 and 140.0. S12 o r d e r was appl ied with a global c of 1 0 " ' 
for the c o n v e r g e n c e c r i t e r i o n . 

R e s u l t s 

Execu t ion t i m e was 11.35 m i n u t e s . 

EXHIBIT A Sca l a r flux so lu t ions for groups 1 and 2 on l i n e s z = 
119.167, 120.833, and the i n t e r p o l a t e d value at z = 120.0. The va lues a r e 
given for r = 0.833(1 .667)64.1 67 and 65.810 (1.61 9)1 32 .1 90. 
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z = 119.16667 

2 .491060D-05 
2 .458020D-05 
2 . 3 3 I 3 8 1 D - 0 5 
2 .355154D-05 
2 .356846D-05 
2 .412991D-05 
2 .367298D-05 
2 .317196D-05 
2 .304615D-05 
2 .276916D-05 
2 .269952D-05 
2 .279314D-05 
2 .226052D-05 
2 . 2 2 1 I 0 3 D - 0 5 
2 .243945D-05 
2 .185955D-05 
2 .172468D-05 
2 .078744D-05 
2 .071752D-05 
1.978203D-05 
1.961900D-05 
1.957436D-05 
1.882338D-05 
1.899921D-05 
1.871164D-05 
1.863430D-05 
1.784744D-05 
1.814104D-05 
1 .804423D-05 
1.749694D-05 
1.586650D-05 
1.430971D-05 
1.300548D-05 
1.233093D-05 
1.182204D-05 
1 .150493D-05 
1 .132055D-05 
1.091163D-05 
1 .091133D-05 
1 .042698D-05 

EXHIBIT A 

G r o u p 1 

z = 120.8 33 3 3 

2 .055263D-05 
2 .056456D-05 
1.978747D-05 
1.990274D-05 
2 .010267D-05 
1.980581D-05 
1.969566D-05 
1.927473D-05 
1.932672D-05 
1.941803D-05 
1.893046D-05 
1.899V90D-05 
1 .890167D-05 
1.858822D-05 
1.893005D-05 
1.833180D-05 
1.776740D-05 
1.777527D-05 
1.672224D-05 
1.688091D-05 
1.638718D-05 
1.636986D-05 
1.597891D-05 * 
1.579958D-05 
1.607931D-05 
1.525079D-05 
1.531913D-05 
1.511291D-05 
1.535331D-05 
1.444823D-05 
1.315017D-05 
1.175826D-05 
1.086936D-05 
1.030136D-05 
9 .990604D-06 
9 .672094D-06 
9 .495794D-06 
9 .226801D-06 
9 .118818D-06 
8 .844472D-06 

z = 120.0^ 

2 .273162D-05 
2 .257238D-05 
2 .155064D-05 
2 .172714D-05 
2 .183557D-05 
2 .196786D-05 
2 .168432D-05 
2 .122335D-05 
2 .118644D-05 
2 .109360D-05 
2 .081499D-05 
2 .089552D-05 
2.0581 lOD-05 
2 .039963D-05 
2 .068475D-05 
2 .009568D-05 
1.974604D-05 
1.928136D-05 
1.871988D-05 
1.833147D-05 
1.800 309D-05 
1.79721 l D - 0 5 
1.7401 15D-05 
1 .739940D-05 
1 .739548D-05 
1 .694255D-05 
1.658329D-05 
1.662698D-05 
1.669877D-05 
1.597259D-05 
1 .450834D-05 
1.303399D-05 
1.193742D-05 
1.131615D-05 
1 .090632D-05 
1.058851D-05 
1 .040817D-05 
1.006922D-05 
1.001507D-05 
9 .635726D-06 

^Interpolated values. 
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EXHIBIT A (Contd.) 

Group 1 (Contd.) 

z = 119.16667 120.83333 z = 120.oa 

1 .040646D-05 
9 .999392D-06 
9 .915618D-06 
9 .568201D-06 
9 .284359D-06 
8 .588659D-06 
7 .284991D-06 
5 .323357D-06 
4 .883058D-06 
4 .344502D-06 
4 .187243D-06 
3.952069D-06 
3 .747242D-06 
3 .605I15D-06 
3 .423133D-06 
3 .213847D-06 
3 .155513D-06 
3 .044316D-06 
2 .824380D-06 
2 .568662D-06 
2 .239994D-06 
1.847881D-06 
1.396702D-06 
1.243981D-06 
1.263334D-06 
1.170802D-06 
1.046039D-06 
9 .546569D-07 
9 .445554D-07 
9 .194017D-07 
8 .224097D-07 
5.844626D-07 
4 .252916D-07 
3 .955206D-07 
3 .392006D-07 
3 .581693D-07 
2 .539491D-07 
1.731778D-07 
2 .665867D-07 
2 .793622D-07 
2 .339988D-07 

8 .643894D-06 
8 .534492D-06 
8 .288546D-06 
8 .244851D-06 
7 .754369D-06 
7 .414854D-06 
6 .374865D-06 
4 .655490D-06 
4 .137845D-06 
3.768569D-06 
3 .516081D-06 
3 .211843D-06 
3 .161833D-06 
3 .044103D-06 
2 .902839D-06 
2 .808525D-06 
2 .577120D-06 
2 .570249D-06 
2 .448491D-06 
2 .260916D-06 
2 .001540D-06 
1.680015D-06 
1.373806D-06 
1.037993D-06 
9 .551035D-07 
9 .810568D-07 
9 .375236D-07 
8 .135953D-07 
7 .853456D-07 
7 .470554D-07 
7 .314186D-07 
6 .588601D-07 
4 .345718D-07 
3 .253622D-07 
3 .176826D-07 
2 .679897D-07 
3 .121011D-07 
1 .890131D-07 
1.668179D-07 
1 .992124D-07 
2 .094527D-07 

9 .525177D-06 
9 .266942D-06 
9 .102082D-06 
8 .906526D-06 
8 .519364D-06 
8 .001757D-06 
6 .829928D-06 
4 .989424D-06 
4 .510452D-06 
4 .056536D-06 
3 .851662D-06 
3 .581956D-06 
3 .454538D-06 
3 .324609D-06 
3 .162986D-06 
3 .011186D-06 
2 .866317D-06 
2 .807283D-06 
2 .636436D-06 
2 .414789D-06 
2 .120767D-06 
1.763948D-06 
1 .385254D-06 
1.140987D-06 
1.109219D-06 
1.075929D-06 
9 .917813D-07 
8 .841261D-07 
8 .649505D-07 
8 .332286D-07 
7 .769142D-07 
6 .216614D-07 
4 .299317D-07 
3 .604414D-07 
3 .284416D-07 
3 .130795D-07 
1.799489D-07 
I . 810955D-07 
2 .167023D-07 
2 .394223D-07 
2.Z17258D-07 
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EXHIBIT A (Contd. ) 

G r o u p 2 

z = 119.16667 z = 120.85333 120.0° 

4 .410663D-05 
4 .538022D-05 
4 .304431D-05 
4 .402604D-05 
4 .299722D-05 
4 .318618D-05 
4 .340710D-05 
4 .249726D-05 
4 .269174D-05 
4 .186430D-05 
4 .170778D-05 
4 .201017D-05 
4 .121006D-05 
4 .090062D-05 
4 .161759D-05 
4 .002208D-05 
4 .008278D-05 
3 .827020D-05 
3.7061 18D-05 
3 .727100D-05 
3 .722807D-05 
3 .564761D-05 
3 .506603D-05 
3.5O5289D-05 
3 .431583D-05 
3 .436568D-05 
3 .272311D-06 
3 .331048D-05 
3 .277273D-05 
3 .199469D-05 
2 .916286D-05 
2 .669169D-05 
2 .440117D-05 
2 .315995D-05 
2 .214921D-05 
2 .134530D-05 
2 .101024D-05 
1.992733D-05 
1 .995905D-05 
1 .883459D-05 
1.887266D-05 

3 .798102D-05 
3 .645401D-05 
3.6261 l l D - 0 5 
3 .607823D-05 
3 .689225D-05 
3 .566646D-05 
3 .558324D-05 
3 .532345D-05 
3 .515580D-05 
3 .539284D-05 
3 .434279D-05 
3 .450067D-05 
3 .462503D-05 
3 .368237D-05 
3 .467093D-05 
3 .363442D-05 
3 .212677D-05 
3 .271314D-05 
3 .029887D-05 
3 .031911D-05 
3 .089365D-05 
3.01 31 34D-05 
2 .874201D-09 
2 .925014D-05 
2 .907100D-05 
2 .782795D-05 
2 .821878D-05 
2 .721528D-05 
2 .778914D-05 
2 .604971D-05 
2 .406676D-05 
2 .155605D-05 
2 .015316D-05 
1.899166D-05 
1.841277D-05 
1.781004D-05 
1.743696D-05 
1.683135D-05 
1.637796D-05 
1.599375D-05 
1.546017D-05 

4 .104383D-05 
4 .091712D-05 
3 .965271D-05 
4 .005214D-05 
3 .994474D-05 
3 .942632D-05 
3 .949517D-05 
3 .891036D-05 
3 .892377D-05 
3 .862857D-05 
3 .802529D-05 
3 .825542D-05 
3 .791754D-05 
3 .729150D-05 
3 .814426D-05 
3 .682825D-05 
3 .610478D-05 
3 .549167D-05 
3 .368003D-05 
3 .379506D-05 
3 .406086D-05 
3 .288948D-05 
3 .190402D-05 
3 .214252D-05 
3 .169342D-05 
3 .109682D-05 
3 .047095D-05 
3 .026288D-05 
3 .028094D-05 
2 .902220D-05 
2 .661481D-05 
2 .412387D-05 
2 .227717D-05 
2 .107581D-05 
2 .028099D-05 
1.957767D-05 
1.922360D-05 
1.837934D-05 
1 .816851D-05 
1 .746417D-05 
1 .716642D-05 
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EXHIBIT A (Contd.) 

Group 2 (Contd.) 

z = 119.16667 z = 120.83333 z = 1 2 0 . 0 ' 

1.798364D-05 1.508605D-05 1.653485D-05 
1.799339D-05 1.478543D-05 I . 638941D-05 
1.692343D-05 1.435276D-05 1.563810D-05 
1.635448D-05 1.358611D-05 1.497030D-05 
1.522392D-05 1.288531D-05 1.405487D-05 
1.279173D-05 1.107085D-05 1.193129D-05 
9.888080D-06 8 .398830D-06 9 .143455D-06 
8.087922D-06 7.424005D-06 8 .115964D-06 
7.981456D-06 6 .774025D-06 7 .377741D-06 
7.597172D-06 6.378555D 06 6 .987864D-06 
7.030327D-06 5 .842807D-06 6 .436567D-06 
6 .570342D-06 5 .574242D-06 6 .072292D-06 
6 .320202D-06 5 .358819D-06 5 .839511D-06 
5 .977710D-06 4 .961667D-06 5 .469689D-06 
5 .785563D-06 4 .681286D-06 5 .233425D-06 
5 .569232D-06 4 .632202D-06 5 .100717D-06 
5 .039212D-06 4 .382846D-06 4 .711029D-06 
4 .728353D-06 4 .021727D-06 4 .375040D-06 
4 .254767D-06 3 .753492D-06 4.0041 30D-06 
3.756650D-06 3 .241959D-06 3 .499305D-06 
3.180167D-06 2 .781371D-06 2 .980769D-06 
2 .512095D-06 2 .286855D-06 2 .399475D-06 
2 .067392D-06 1.843608D-06 1.955500D-06 
1.980868D-06 1.588251D-06 1.784560D-06 
1.969399D-06 1.599122D-06 1.784261D-06 
1.670250D-06 1.547033D-06 I . 608642D-06 
1 .5I9302D-06 1.290086D-06 1.404694D-06 
1.565119D-06 1.201340D-06 1.383230D-06 
1.407819D-06 1.208864D-06 1.308342D-06 
1.075634D-06 1.006142D-06 1 .040888D-06 
7 .671018D-07 8 .213859D-07 7 .942439D-07 
7 .322690D-07 6 .812000D-07 7 .067345D-07 
8 .426236D-07 5.727959D-07 7 .077098D-07 
7 .209568D-07 6 .622368D-07 6 .915968D-07 
4 .142148D-07 5 .614758D-07 4 .878453D-07 
3 .938089D-07 3 .843719D-07 3 .840904D-07 
3 .610915D-07 2 .988150D-07 3 .299533D-07 
3 .204833D-07 3 .184838D-07 1.761658D-07 
3 .094228D-07 2 .432023D-07 2 .763126D-07 
3 .214840D-07 2 .234353D-07 5 .449173D-07 
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BENCHMARK SOURCE SITUATION 

Identification; 6 
(To be filled in by Benchmark Committee) 
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By: W. M. Stacey, J r . (KAPL) 
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Descriptive Title: Infinite Slab Reactor Model 

Suggested Functions: Test ID Neutron Kinetics Solutions 

Configuration 

•̂  40 c m — 

2 

160 c m - 40 c m — 

= 0 
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BENCHMARK PROBLEM 

Identification: 6-Al 

Date Submitted: July 1969 

Date Accepted: November 1971 

Source Situation ID.6 

By: W. M. Stacey, J r . (KAPL) 
(Name and Organization) 

By; D. A. Meneley (ANL) 
(Name and Organization) 

Descriptive Title; Subcritical Transient, ID 2-group Neutron Diffusion 
Problem in Thermal Reactor 

Reduction of Source Situation 

1. Two-group diffusion theory 

2. Six delayed-neutron precursor groups 

Data 

Initial Two-group Constants 

D ' (cm) 

D' (cm) 

r^ (cm-
r i (cm-
\)TI (cm" 

\jTi (cmi 

f 
f 
) 
) 

R e g 

1 a n d 3 

1 .50 

.50 

.OZb 

.18 

. 010 

.iOO 

on 

1 

Z 

.00 

.50 

.oz 

.08 

. 005 

.099 

r 
1 

1 
V 

v ' 

•" ( c m - ) 

( cm/ sec ) 

( c m / s e c ) 

R 

1 and 3 

.01 5 

1.00 

0 

1.0 X 10' 

3.0 X 10'" 

eg ion 

1 

3 

Z 

,010 

1.00 

0 

0 X 10' 

0 x 1 0 ^ 

^Total removal c ro s s section, including Zc. Tf, and r ' ' 

Additional Data 

Delayed Neutron P a r a m e t e r s 

Effective Decay 
Type Delay Frac t ion Constant {sec"') 

Effective Decay 
Type Delay Frac t ion Constant ( s e c ' 

1 

z 
3 

.00025 

.00164 

.00147 

.0124 

.0305 

.1 1 10 

.00296 

.00086 

.00032 

.3010 
1.1400 
3.0100 
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Initiating Perturbation 

r^ in region 1 is linearly increased by 3% in 1.0 sec . (The initial 
configuration is made cri t ical by dividing the fission cross sections by k^ff, 
and the initial p recursor concentrations are in equilibrium with the initial 
cri t ical flux distribution.) 

Expected P r imary Results 

1. Total power vs time 

2. Regional power vs time 

Possible Additional Results 

1. Comparison of time-difference algorithms 

2. Sensitivity to t ime-s tep size 

3. Time-dependent group flux distributions 

Best Solution Available; RAUMZEIT II solution described in the solution 
6 - A l - l . 

Solutions 

1. Direct Finite Differences: 6 - A l - l , 6-A1-2 
« 

2. Flux Factorization Method: 6-A1-3 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion: 6 - A l - l B e n c h m a r k P r o b l e m ID .6 -AI 

Date Submi t ted : Ju ly 1969 By: W. M. S tacey , J r . (KAPL) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted : N o v e m b e r 1971 By: D. A. Mene ley (ANL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : F i n i t e - d i f f e r e n c e Solution with RAUMZEIT 

M a t h e m a t i c a l Model 

S y m m e t r i c 3-point d i f fe rence a p p r o x i m a t i o n s at m e s h i n t e r v a l 
b o u n d a r i e s a r e used for the l eakage o p e r a t o r of the n e u t r o n diffusion 
e q u a t i o n s . The t i m e dependence of n e u t r o n and p r e c u r s o r equa t ions is 
a p p r o x i m a t e d by the t i m e - i n t e g r a t e d (TI) , a v e r a g e ( A V ) , o r b a c k w a r d dif­
f e r e n c e (BD) a l g o r i t h m . ' 

P e r t i n e n t F e a t u r e s of Solution Methods 

Di f fe renced ( d i s c r e t e ) equa t ions a r e f o r m u l a t e d as a m a t r i x s o u r c e 
p r o b l e m at each t i m e s t ep ; solut ion is ob ta ined by m a t r i x i n v e r s i o n . 

T h e o r y 

The o n e - d i m e n s i o n a l m u l t i g r o u p diffusion equa t ions so lved by 
RAUMZEIT a r e 

M 
v-'c2(r,t) = L(r , t ) t£(r , t ) + (1 - 3 ) XFT(r,t)cp(r,t) -f X ^ > , ^ C ' ^ ( r , t ) (1) 

w^here 

t ( r . t ) = { i - ^ , ^ [ r P D ( r , t ) A ] . H ( r . t ) } (2) 

and the de layed neu t ron p r e c u r s o r equa t ions a r e 

C"^(r , t ) = P r n F ^ ( ' - . t M ' - . t ) - ^ ^ ^ " ' ( ' • . t ) . rn = 1 M. (3) 

The co lumn v e c t o r s X, F , and (£ r e p r e s e n t the f i s s ion s p e c t r a , the nu -
f i s s ion c r o s s s ec t ion , and the flux, r e s p e c t i v e l y . The m a t r i c e s D and H 
r e p r e s e n t the diffusion coeff icient and the r e m o v a l and s c a t t e r i n g 
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cross sections, respectively, while y is a diagonal matr ix of group-average 
neutron speeds. The integer p is 0, 1, or 2 for slab, cylindrical, and spher­
ical geometry, respectively. 

The precursor equations are approximated in RAUMZEIT by 

C"^(r,ti) = E["C'"( r , t i . , ) + J -G["FT(r , t i . i )<p( r , t i . , ) 

where 

+ - L GG'"FT(r,ti)tD(r,ti). 
^m ' 

Time Integrated 

p-J^m^i 

(4) 

- [ l - ( l + X „ A i ) e - ^ - ^ i ] 

GG; . [ e - ^ m i i . ( i . x „ i ^ ) ] 

Average 

^ - ^m^i 
2 + X^ti 

° m^m"i 

2- + ^mi i 

P m ^ m ^ 
2 + Xrnii 

/ith Ai = t, - t i . , . 

The equations evaluated for the neutron flux in RAUMZEIT are 

[L(r,ti) -̂  A( r , t i ) ] i ( r , t i ) = S ( r , t i . , ) (5) 

where L is given by Equation (2), and A and ^ are given by; 

1. Time-integrated: 

M 
A(r,ti) = X y - ^ GG"̂  

m = l "^ ' 
- ' i; -

{ r M 1 ^ 

-Mr.ti.i) 4^ y - -x|̂ l -^Z T;̂ ^^ G-J FT(.,t,„)|i< 

-X Z - i ( l - E [ " ) C ' ^ ( r , t i . , ) . 
m = i ^ 

r,t: 
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2 . B a c k w a r d D i f f e r e n c e : 

A ( r , t i ) = _X 

M 

1 - P -f y GG^ F T ( r , t i ) - - l y - ' . 1 i . -

S ( r , t i . , ) 

C M ^ M 

J ' V - - X Y G [ " F T ( i . , t , . i ) U ( r , t . . , ) - X X E - X ^ C - ( r . t , _ i ) . 

(̂  ^ m = i J m = i 

3 . A v e r a g e : 

A ( r , t i ) =X 
M 

1 - 3 + y GGj'̂  
m = i 

F ( r , t i ) - - y , 

S ( r , t i . j ) = ^ - L ( r , t i . i ) - | - y - ' - X 
M 

-3+ Z G-
m - 1 

F ' ^ ( r , t i _ i ) l _ * ( r , t i _ , 

- X X ( l + E - ) A ^ C - ( r . t , . , ) . 

E q u a t i o n (5) , w h i c h m a y b e w r i t t e n 

. — - i [ r P D ( r ) ; ^ i ( r ) l + B ( r ) $ ( r ) = S ( r ) , 
J.P drl_ - d r - J - -

i s r e p r e s e n t e d in R A U M Z E I T b y t h e s p a t i a l d i f f e r e n c e a p p r o x i m a t i o n 

• - J 

1 + -
h jp - J - i 

~ 1 

^ J B , + - P ^ ^ . i B ^ . i ^ - 2 , j + ' 

1 + . 
h , P 

2 r -
^'• j 

V i - J ^ ' 

^1 — h - T ; 7 ^ j + ' 
1 - _ I 

^ j2 j + ^ + > § j + " (6) 

w h e r e h i = r- - r - , a n d t h e s u b s c r i p t j a s s o c i a t e s t h e t e r m w i t h t h e v a l u e 

t a k e n o n i n h . . 

*The average algorithms for the neutron and precursor equations correspond to the method used in the 
WIGLEcode (WAPD-TM-416) when 6 = 9̂  = 1/2. 
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Computer: CDC-6600 Date Solved: May 1969 

at: KAPL 

Program: RAUMZEIT 

Reference 

1. C. H. Adams and W. M. Stacey, J r . , RAUMZEIT - A Program 
to Solve Coupled Time-Dependent Neutron Diffusion Equations in One 
Space Dimension, Knolls Atomic Power Laboratory Report KAPL-M-6728 
(1967). 

Results 

Uniform mesh with fix = 2 cm; 120 intervals 

Initial kg££ = 0.9015507 

Initial power fractions 

Region 1 0.2790 
Region 2 0.4421 
Region 3 0.2790 

1.0001 

EXHIBIT A Thermal (Group 2) flux distribution at 0.0, 1.0, and 
2.0 seconds. 

« 
EXHIBIT B Total power (relative to initial value) vs t ime, as a 

function of difference algorithm and t ime-step size. 
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E X H I B I T A 

N D A ^ 

P D A ^ 

At ( s e c ) 

T i m e ( s e c ) 

0 .0 

0 .1 
0 . 2 

0 . 5 

1.0 

1.5 

2 .0 

0 40 

T I 

T I 

10 -^ 

1 .0000 

. 9 2 9 9 

. 8 7 3 3 

. 7 5 9 7 

. 6 5 8 8 

. 6 4 3 2 

. 6 3 0 7 

80 120 

POSITION, cm 

E X H I B I T B 

T I 

T I 

10"^ 

1 .0000 

. 9 2 9 9 

. 8 7 3 3 

. 7 5 9 7 

. 6 5 8 8 

. 6 4 3 2 

. 6 3 0 7 

T I 

T I 

1 0 - ' 

1 .0000 
. 9 3 2 1 

. 8 7 1 8 

. 7 6 0 8 

. 6 5 8 4 

. 6 4 3 5 

. 6 3 0 6 

160 200 

B D 

TI 

1 0 - ' 

1 .0000 

. 9 3 0 0 

. 8 7 3 5 

. 7 5 9 8 

. 6 5 8 9 

. 6 4 3 3 

. 6 3 0 7 

240 

B D 

A V 

1 0 - ' 

1 .0000 
. 9 3 0 1 

. 8 7 3 5 

. 7 5 9 8 

. 6 5 8 9 

. 6 4 3 3 

. 6 3 0 7 

A V 

A V 

1 0 - ' 

1 .0000 
. 9 3 1 8 

. 8 7 1 9 

. 7 6 0 7 

. 6 5 8 4 

. 6 4 3 5 

. 6 3 0 5 

^ N e u t r o n D i f f e r e n c e A l g o r i t h m . 
^ P r e c u r s o r D i f f e r e n c e A l g o r i t h m . 
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BENCHMARK PROBLEM SOLUTION 

Identification: 6-A1-2 Benchmark Problem ID.6-AI 

Date Submitted: November 1971 By: E. L. Fuller (ANL) 
(Name and Organization) 

Date Accepted: December 1971 By: D. A. Meneley (ANL) 

(Name and Organization) 

Descriptive Title: Finite Difference Solution with WIGLE 

Mathematical Model 
Symmetric 3-point difference approximations are used for the 

leakage operator of the neutron diffusion equations. The time dependence 
is approximated by central differences (Crank-Nicholson). 

Computer: CDC-3600 Date Solved: January 1971 

at: ANL 

Program: 'VlGLE 

Reference 

1. W. R. Cadwell, A. F. Henry, and A. J. Vigilotti, WIGLE -
A Program for the Solution of the Two-Grotjp Space-Time Diffusion 
Equations in Slab Geometry, Westinghouse Electric Corporation, 
Bettis Atomic Power Laboratory Report WAPD-TM-416 (1964). 

Results 

Uniform mesh with Ax = 2 cm; 120 intervals , t ime-s tep 
size = 10"' sec. 

Initial k^ff ^ 0.9015507 (Value taken from problem solution 6 -A l - l 
to establish initial conditions.) 

Initial power fractions 

Region 1 0.27895 
Region 2 0.44209 
Region 3 0.27895 

EXHIBIT A Total power (relative to initial value) vs t ime. 

EXHIBIT B Regional power (relative to initial value) vs t ime. 
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EXHIBIT A 

T i m e (sec) 

0.0 

0 .1 

0 . 2 

0 . 5 

1.0 

1.5 

2 .0 

T i m e (sec) 

0 . 0 

0 .1 
0 . 2 

0 . 5 

1.0 

1.5 

2 .0 

Tota l P o w e r 

EXHIBIT 

R e 

Region 1 

1.0000 
.8621 
.7520 
.5336 
.3452 
.3235 
.3066 

l a t ive 

1.0000 
.9298 
.8732 
.7596 
.6588 
.6432 
.6306 

B 

: Reg iona l P o w e r 

Region 2 Region 3 

1.0000 1.0000 
.9339 .9910 
.8804 .9830 
.7724 .9655 
.6753 . 9 4 6 ' ' . 
.6587 .9381 
.6455 .9311 
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BENCHMARK PROBLEM SOLUTION 

Identification: 6-A1-3 Benchmark Problem ID.6-AI 

Date Submitted: November 1971 By: E. L. Fuller (ANL) 
(Name and Organization) 

Date Accepted: December 1971 By: D. A. Meneley (ANL) 
(Name and Organization) 

Descriptive Title: Flux Factorization Solution with QXl 

Mathematical Model 

Symmetric 3-point difference approximations at mesh interval 
boundaries are used for the leakage operator of the neutron diffusion 
equations. The improved quasistatic method as described in Ref. 1 is 
used to solve the time-dependent problem. 

Pertinent Features of Solution Methods 

The method consists of factoring the total flux into the product of 
a space-energy-t ime-dependent shape function and a purely time-dependent 
amplitude function. The coupled set of equations which results is solved 
iteratively. (See Ref. 2 for details.) The code includes automatic t ime-
step selection procedures, so that the solution is normally obtained on an 
uneven time mesh. Solutions were forced at part icular time points for the 
purpose of comparison. 

Computer: CDC-3600 Date Solved: January 1971 

at: ANL 

Program: QXl 

References 

1. K. O. Ott and D. A. Meneley, Accuracy of the Quasistatic 
Treatment of Spatial Reactor Kinetics, Nucl. Sci. Eng. 36, 402-411 (1969). 

2. D. A. Meneley, K. O. Ott, and E. S. Wiener, Fas t - r eac to r 
Kinetics--The QXl Code, Argonne National Laboratory Report ANL-7769 
(March 1971). 
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R e s u l t s 

In i t ia l kgff = 0.9015507 

Ini t ia l power f r ac t i ons 

Region 1 0.27895 
Region 2 0.44209 
Region 3 0.27895 

EXHIBIT A Tota l power ( r e l a t i ve to in i t i a l value) and flux shape 
function count vs t i m e . 

EXHIBIT B Regiona l power ( r e l a t i ve to in i t ia l va lue) vs t i m e . 

EXHIBIT A 

F lux Shape 
T i m e (sec) Tota l P o w e r Func t ion No.^ 

0.0 1.0000 1 
0.1 .9298 7 
0.2 .8733 11 
0.5 .7597 21 
I.O .6588 36 
1.5 .6433 41 
2.0 .6307 44 

^Cumula t i ve up to the given t i m e . 

EXHIBIT B 

T i m e (sec) 

0 .0 
0 .1 
0 .2 

0 .5 

1.0 

1.5 

2 .0 

Rela t ive 

Region 1 

1.0000 
.8621 
.7521 
.5336 
.3452 
.3235 
.3066 

Regional 

Region 2 

1.0000 
.9340 
.8805 
.7724 
.6753 
.6588 
.6455 

p . ower 

Region 3 

1.0000 
.9910 
.9831 
.9655 
.9463 
.9383 
.9312 
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BENCHMARK PROBLEM 

Identification: 6-A2 Source Situation ID.6 

Date Submitted; July 1969 By: W. M. Stacey, J r . (KAPL) 
(Name and Organization) 

Date Accepted: November 1971 By: D. A. Meneley (ANL) 
(Name and Organization) 

Descriptive Title; Delayed Super-cri t ical Transient, ID 2-Group Neutron 
Diffusion Problem in Thermal Reactor 

Reduction of Source Situation 

1. Two-group diffusion theory 

2. Six delayed-neut-ron precursor groups 

Data 

Same as for problem 6-Al, except for; 

Initiating Perturbation 

E^ in region 1 is linearly decreased by 1% in 1.0 sec. (The initial 
configuration is made cri t ical by dividing the fission cross sections by 
k ff, and the initial precursor concentrations.are in equilibrium with the 
initial crit ical flux distribution.) 

Expected Results 

1. Total power vs time 

2. Regional power vs time 

Best Solution Available; RAUMZEIT II solution described in the 
solution 6-A2 - 1. 

Solutions 

1. Direct Finite Differences: 6-A2 - 1, 6-A2-2. 

2. Flux Factorization Method: 6-A2-3. 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion; 6 -A2-1 B e n c h m a r k P r o b l e m ID.6-A2 

Date Submi t t ed : Ju ly 1969 By: W. M. S tacey , J r . (KAPL) 

(Name and O r g a n i z a t i o n ) 

Date Accep ted ; N o v e m b e r 1971 By; D. A. Mene ley (ANL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e ; F i n i t e - d i f f e r e n c e Solut ion with RAUMZEIT 

M a t h e m a t i c a l Model 

S y m m e t r i c 3-point d i f fe rence a p p r o x i m a t i o n s at m e s h i n t e r v a l 
b o u n d a r i e s a r e u s e d for the l eakage o p e r a t o r of the n e u t r o n diffusion 
e q u a t i o n s . The t i m e dependence of n e u t r o n and p r e c u r s o r equa t ions is 
a p p r o x i m a t e d by the t i m e - i n t e g r a t e d (TI) , a v e r a g e (AV), or b a c k w a r d 
d i f fe rence (BD) a l g o r i t h m . ' 

P e r t i n e n t F e a t u r e s of Solution Methods 

Di f fe renced ( d i s c r e t e ) equa t ions a r e f o r m u l a t e d as a m a t r i x s o u r c e 
p r o b l e m at each t i m e - s t e p ; solut ion is obta ined by m a t r i x i n v e r s i o n . 

T h e o r y 

S a m e as for so lu t ion 6 - A l - l . 

C o m p u t e r : CDC-6600 Date Solved; May 1969 

at: K A P L 

P r o g r a m ; RAUMZEIT 

R e f e r e n c e 

1. C. H. A d a m s and W. M. S tacey , J r . , RAUMZEIT - A P r o g r a m 
to Solve Coupled T i m e - D e p e n d e n t Neu t ron Diffusion Equa t ions in One Space 
D imens ion , Knol ls A t o m i c P o w e r L a b o r a t o r y R e p o r t K A P L - M - 6 7 2 8 (1967). 

R e s u l t s 

In i t ia l kgff = 0.9015507 , 

In i t ia l power f r ac t ions 

Region 1 0.2790 
Region 2 0.4421 
Region 3 0.2790 
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EXHIBIT A Thermal (Group 2) flux distribution at 0.0, 1.0, and 
4.0 seconds. 

EXHIBIT B Total power (relative to initial value) vs t ime, as a 
function of difference algorithm and t ime-s tep s ize. 

EXHIBIT C Regional power (relative to initial value) vs time as a 
function of difference algorithm and t ime-s tep s ize. 

EXHIBIT A 

40 80 120 160 

POSITION, cm 

200 240 
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NDA^ 

P D A ' ' 

i t (sec) 

T ime (sec) 
C O 

0 .1 
0 . 2 
0 . 5 

1.0 

1.5 

2 .0 
3.0 
4 . 0 

T I 

T I 

I 0 - ' 

1.000 
1.028 
1.063 
1.205 
1.740 
1.959 
2.166 
2.606 
3.108 

T I 

T I 

10- ' 

1.000 
1.028 
1.063 
1.205 
1.740 
1.959 
2.166 
2.606 
3.108 

EXHIBIT B 

T I 

T I 

10- ' 

1.000 
1.028 
1.063 
1.204 
1.740 
1.962 
2.166 
2.606 
3.109 

B D 

T I 

10- ' 

1.000 
1.029 
1.063 
1.205 
1.743 
1 .960 
2.167 
2.607 
3.109 

B D 

A V 

10- ' 

1.000 
1.029 
1.063 
1.205 
1.742 
1.960 
2.166 
2.606 
3.109 

A V 

A V 

10-' 

1.000 
1.028 
1.063 
1.204 
1.741 
1.962 
2.166 
2.606 
3.109 

^Neutron Difference Algor i thm. 
^ P r e c u r s o r Difference Algor i thm. 

EXHIBIT C 

NDA* 

T I 
T I 

T I 
B D 

B D 
A V 

T I 
T I 
T I 
B D 

B D 
A V 

T I 

T I 
T I 

B D 

B D 
AV 

CDA' ' 

T I 
T I 

T I 
T I 

AV 
AV 

T I 
T I 
T I 

T I 
AV 
AV 

T I 

T I 
T I 

T I 

A V 
AV 

At (sec) 

10- ' 
10 - ' 
10- ' 
10- ' 
10- ' 
10- ' 

10- ' 
10 - ' 
10- ' 
10- ' 
10- ' 
10- ' 

10- ' 
10 - ' 
10- ' 
10- ' 
10- ' 
10- ' 

0.1 

Re 

1.056 
1.056 
1.055 
1.056 
1.056 
1.055 

0 .5 

gion 1 

1.399 
1.399 
1.398 
1.399 
1.399 
1.398 

Region 2 

1.027 
1.027 
1.026 
1.027 
1.027 
1.026 

R 

1.004 
1.004 
1.003 
1.004 
1.004 
1.003 

1.194 
1.194 
1.193 
1.194 
1.194 
1.193 

2gion 3 

1.029 
1.029 
1.028 
1.029 
1.029 
1.028 

Time 

1.0 

2.435 
2.435 
2.436 
2.440 
2.439 
2.437 

1.701 
1.701 
1.701 
1.703 
1.703 
1.702 

1.107 
1.107 
1.107 
1.108 
1.108 

• 1.107 

(sec) 

2 .0 

3.216 
3.216 
3.216 
3.217 
3.217 
3.215 

2.1 13 
2.113 
2.113 
2.1 14 
2.114 
2.113 

1.199 
1.199 
1.199 
1.199 
1.199 
1.199 

3.0 

4.017 
4.017 
4.018 
4.019 
4.018 
4.018 

2.540 
2.540 
2.541 
2.541 
2.541 
2.541 

1.299 
1.299 
1.299 
1.299 
1.299 
1.299 

4 . 0 

4.928 
4.928 
4.929 
4.930 
4.930 
4.930 

3.027 
3.027 
3.028 
3.028 
3.028 
3.028 

1.417 
1.417 
1.417 
1.417 
1.417 
1.417 

^Neutron Difference Algorithm. 
' 'Precursor Difference A lgor i thm. 
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BENCHMARK P R O B L E M SOLUTION 

Iden t i f i ca t ion : 6 - A 2 - 2 B e n c h m a r k P r o b l e m ID.6-A2 

Date Submi t t ed ; N o v e m b e r 1971 By: E. L . F u l l e r (ANL) 

(Name and O r g a n i z a t i o n ) 

Date A c c e p t e d : D e c e m b e r 1971 By; D. A. Mene ley (ANL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : F i n i t e Di f fe rence Solution with WIGLE 

M a t h e m a t i c a l Model 

S y m m e t r i c 3-point d i f f e rence a p p r o x i m a t i o n s a r e used for the 
l e a k a g e o p e r a t o r of the n e u t r o n diffusion e q u a t i o n s . The t i m e d e p e n d e n c e 
is a p p r o x i m a t e d by c e n t r a l d i f f e r ences ( C r a n k - N i c h o l s o n ) . 

C o m p u t e r : CDC-3600 Date Solved; J a n u a r y 1971 

a t : ANL 

P r o g r a m : WIGLE 

R e f e r e n c e 

1. W. R. Cadwel l , A. F . H e n r y and A. J . Vig i lo t t i , WIGLE -
A P r o g r a m for the Solut ion of the T w o - G r o u p ^ S p a c e - T i m e Diffusion 
E q u a t i o n s in Slab G e o m e t r y , W e s t i n g h o u s e E l e c t r i c C o r p o r a t i o n , 
B e t t i s A tomic P o w e r L a b o r a t o r y R e p o r t W A P D - T M - 4 1 6 (1964). 

R e s u l t s 

Uni fo rm m e s h with Ax = 2 c m ; 120 i n t e r v a l s , t i m e - s t e p 
s i z e - 1 0 - ' s e c . 

In i t i a l k^ff = 0 .9015507 (Value t aken f rom p r o b l e m so lu t ion 6 - A l - l 
to e s t a b l i s h in i t i a l cond i t i ons . ) 

In i t i a l power f r a c t i o n s 

Region 1 0.27895 
Region 2 0.44209 
Region 3 0.27895 

EXHIBIT A To ta l p o w e r ( r e l a t i v e to in i t i a l va lue) vs t i m e . 

EXHIBIT B Reg iona l p o w e r ( r e l a t i v e to i n i t i a l va lue ) vs t i m e . 
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EXHIBIT A 

T i m e (sec) 

0.0 
0.1 
0.2 
0.6 
1.0 
1.5 
2.0 
3.0 
4.0 

To ta l P o w e r 

1.000 
1.028 
1.062 
1.205 
1.740 
1.959 
2.165 
2.605 
3.107 

EXHIBIT B 

Re la t ive Reg iona l P o w e r 

T i m e (sec) Region 1 Region 2 Region 3 

0.0 1.000 1.000 1.000 
0.1 1.056 1.027 1.004 
0.5 1.399 1.193 1.028 
1.0 2.435 1.701 1.107 
2.0 3.215 2.113 1.119 
3.0 4.016 2.539 1.298 
4.0 4.927 3.026 1.416 

Re, 

1 
1 
1 
1 
2 
2 
3 

gion 2 

.000 

.027 

.193 

.701 

.113 

.539 

.026 



BENCHMARK PROBLEM SOLUTION 

Identification; 6-A2-3 Benchmark Problem ID.6-A2 

Date Submitted: November 1971 By: E. L. Fuller (ANL) 
(Name and Organization) 

Date Accepted: December 1971 By: D. A. Meneley (ANL) 

(Name and Organization) 

Descriptive Title: Flux Factorization Solution with QXl 

Mathematical Model 
Symmetric 3-point difference approximations at mesh interval 

boundaries are used for the leakage operator of the neutron diffusion 
equations. The improved quasistatic method as described in Ref. 1 is 
used to solve the time-dependent problem. 

Pertinent Features of Solution Methods 

The method consists of factoring the total flux into the product of 
a space-energy-time-dependent shape function and a purely time-dependent 
amplitude function. The coupled set of equations which results is solved 
iteratively. (See Ref. 2 for details.) The code includes automatic t ime-
step selection procedures, so that the solution is normally obtained on an 
uneven time mesh. Solutions were forced at part icular time points for the 
purpose of comparison. , 

Computer: CDC-3600 Date Solved: January 1971 

at: ANL 

Program: QXl 

References 

1. K. O. Ott and D. A. Meneley, Accuracy of the Quasistatic Trea t ­
ment of Spatial Reactor Kinetics, Nucl. Sci. Eng. 36, 402-411 (1969). 

2. D. A. Meneley, K. O. Ott and E. S. Wiener, Fast Reactor 
Kinetics--The QXl Code. Argonne National Laboratory Report ANL-7769 
(March 1Q71). 



148 

R e s u l t s 

In i t i a l kgff = 0.9015507 

In i t ia l p o w e r f r ac t i ons 

Region 1 0.27895 
Region 2 0.44209 
Region 3 0.27895 

EXHIBIT A To ta l p o w e r ( r e l a t i ve to in i t i a l va lue) and flux shape 
function count vs t i m e . 

EXHIBIT B Regiona l power ( r e l a t ive to in i t i a l va lue) vs t i m e . 

EXHIBIT A 

F lux Shape 
T i m e (sec) To ta l Po^ver Func t ion No. 

0.0 1.000 1 
0.1 1.028 5 
0.2 1.063 7 
0.5 1.205 12 
1.0 1.740 26 
1.5 1.959 33 
2.0 2.166 37 
3.0 2.606 43 
4.0 3.108 48 

^Cumula t ive up to the given t i m e . 

Time (sec) 

0.0 
0.1 
0.5 
1.0 
2.0 
3.0 
4.0 

EXHIBIT 

Rela t ive 

Region 1 

1.000 
1.056 
1.398 
2.435 
3.216 
4.017 
4.928 

B 

• Regiona l 

Region 2 

1.000 
1.027 
1.193 
1.701 
2.113 
2.540 
3.027 

P. ower 

Region 3 

1.000 
1.004 
1.029 
1.701 
1.199 
1.298 
1.416 
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BENCHMARK PROBLEM 

Identification: 6-A3 Source Situation ID.6 

Date Submitted: July 1969 By: W. M. Stacey, J r . (KAPL) 
(Name and Organization) 

Date Accepted; November 1971 By: D. A. Meneley (ANL) 
(Name and Organization) 

Descriptive Title; Prompt Super-cri t ical Transient, ID 2-group Neutron 
Diffusion Problem in Thermal Reactor 

Reduction of Source Situation 

1. Two-group diffusion theory 

2. Six delayed-neutron precursor groups 

Data 

Same as for problem 6-Al, except for; 

Initiating Perturbation 

2:̂  in region 1 is linearly decreased by 5% in 0.01 sec. (The initial 
configuration is made crit ical by dividing the fission cross sections by k^ff. 
The initial precursor concentrations are in equilibrium with the initial 
cr i t ical flux distribution.) 

Expected Results 

1. Total power vs time 

2. Regional power vs time 

Best Solution Available: RAUMZEIT II solution described in the 
solution 6 -A3 - 1. 

Solutions 

1. Direct Finite Differences; 6-A3-1, 6-A3-2 

2. Flux Factorization Method: 6-A3-3 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion; 6 - A 3 - 1 B e n c h m a r k P r o b l e m ID.6 -A3 

Date Submi t t ed ; Ju ly 1969 By: W. M. S tacey , J r . (KAPL) 

(Name and O r g a n i z a t i o n ) 

Date Accep ted ; N o v e m b e r 1971 By: D. A. Mene ley (ANL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e ; F i n i t e - d i f f e r e n c e Solution with RAUMZEIT 

M a t h e m a t i c a l Model 

S y m m e t r i c 3-point d i f fe rence a p p r o x i m a t i o n s at m e s h i n t e r v a l 
b o u n d a r i e s a r e used for the l e akage o p e r a t o r of the n e u t r o n diffusion 
e q u a t i o n s . The t i m e dependence of n e u t r o n and p r e c u r s o r equa t ions is 
a p p r o x i m a t e d by the t i m e - i n t e g r a t e d (TI) , a v e r a g e (AV), or b a c k w a r d 
d i f fe rence (BD) a l g o r i t h m . ' 

P e r t i n e n t F e a t u r e s of Solution Methods 

Di f fe renced ( d i s c r e t e ) equa t ions a r e f o r m u l a t e d as a m a t r i x s o u r c e 
p r o b l e m at each t i m e s tep ; solut ion is ob ta ined by m a t r i x i n v e r s i o n . 

T h e o r y 

S a m e as for so lu t ion 6 -Al -1 . 

C o m p u t e r : CDC-6600 Date Solved: May 1969 

at: KAPL 

P r o g r a m ; RAUMZEIT 

R e f e r e n c e 

1. C. H. A d a m s and W. M. S tacey , J r . , RAUMZEIT - A P r o g r a m 
to Solve Coupled T i m e - D e p e n d e n t Neu t ron Diffusion Equa t ions in One Space 
Dimens ion , Knolls A tomic P o w e r L a b o r a t o r y R e p o r t K A P L - M - 6 7 2 8 (1967). 

R e s u l t s 

In i t i a l kgff = 0.9015507 

In i t ia l power f r ac t ions 

Region 1 0.2790 
Region 2 0.4421 
Region 3 0.2790 



EXHIBIT A Thermal (Group 2) flux distribution at 0.00, 0.01, and 
0.02 seconds. 

EXHIBIT B Total power (relative to initial value) vs t ime, as a 
function of difference algorithm and t ime-s tep s ize. 

EXHIBIT C Regional power (relative to initial value) vs t ime, as a 
function of difference algorithm and t ime-s tep s ize. 

EXHIBIT A 

120 160 

POSITION, cm 

240 
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NDA^ 

PDA^ 

At (sec) 

T ime (sec) 
0.000 
0.001 
0.005 
0.010 
0.012 
0.015 
0.018 
0.020 

T I 

T I 

1 0 - ' 

1.000 + 
1.022 + 
1.659 + 
1.565 + 
7.019 •̂  
6.803 -I-
6.612 -1-
3.012 + 

0 
0 

0 
1 

1 

2 

3 
4 

T I 

T I 

10-* 

1.000 + 
1.022 -f 
1.659 -f 
1.565 + 
7.019 -̂  
6.804 -1-
6.613 -̂  
3.012 + 

0 
0 

0 
1 

1 

2 

3 

4 

EXHIBIT 

TI 

T I 

1 0 -

1.000 + 
1.022 + 
1.659 -f 
1.566 -1̂  
7.028 + 
6.818 -f 
6.632 -f 
3.022 + 

B 

0 
0 

0 
1 

1 

2 

3 

4 

B D 

T I 

10"' 

1.000 -f 
1.022 -̂  
1.659 •̂  
1.566 + 
7.030 -1-
6.820 -f 
6.634 + 
3.023 -f 

0 
0 
0 
1 

1 

2 

3 

4 

B D 

T I 

10-* 

1.000 -1-
1.022 '^ 
1.661 -1-
1.580 i-
7.128 -f 
6.969 + 
6.832 + 
3.130 •̂  

0 
0 
1 

1 

1 

2 

3 

4 

A V 

A V 

10-* 

1.000 + 0 
1.022 + 0 
1.659 -I- 0 
1.565 -1- 1 
7.019 -1- 1 
6.804 -f 2 
6.613 •̂  3 
3.012 -1- 4 

^Neut ron Difference Algo r i t hm. 
^ P r e c u r s o r Difference Algor i thm. 

NDA* 

T I 

T I 

T I 
B D 
B D 

A V 

T I 

T I 

T I 

B D 

B D 
A V 

T I 

T I 

T I 

B D 

B D 
A V 

PDA*^ 

T I 

T I 

T I 
T I 

T I 
A V 

T I 
T I 

T I 
T I 

T I 
A V 

T I 

T I 

T I 

T I 

T I 

A V 

At (sec) 

1 0 - ' 
10-* 
10-" 
1 0 - ' 
10-* 
10-* 

10" ' 
10-* 
1 0 -
1 0 - ' 
10-* 
10-* 

I 0 - ' 
10-* 
1 0 -
1 0 - ' 
10-* 
10-* 

0.001 

1.058 
1.058 
1.058 
1.058 
1.058 
1.058 

1.014 
1.014 
1.014 
1.014 
1.014 
1.014 

1.000 
1.000 
1.000 
1.000 
1.000 
1.000 

+ 

•f 

+ 
-f 

+ 

-̂  

-1-

+ 
-I-

+ 

+ 
+ 

- ( • 

-f 

+ 

•f 

-̂  
-1-

EXHIBIT C 

0 

0 

0 
0 
0 
0 

0 

0 

0 

0 

0 
0 

0 
0 

0 

0 

0 
0 

0.005 

Region 1 

2.484 + 
2.484 + 
2.484 + 
2.484 + 
2.488 -I-
2.484 + 

Region 2 

1.544 + 
1.544 + 
1.544 -t 
1.544 + 
1.546 -l-
1.544 + 

Region 3 

1.017 -f 
1.017 + 
1.017 + 
1.017 + 

1 

0 

0 
0 
0 
0 

0 

0 

0 
0 

0 
0 

0 
0 

0 
0 

1.017 -1-0 
1.017 + 0 

T ime ( sec) 

0.010 

3.481 
3.481 
3.484 
3.484 
3.515 
3.481 

1.258 
1.258 
1.259 
1.259 
1.270 
1.258 

1.342 
1.342 
1.342 
1.342 
1 .342 
1.342 

-f 

+ 
+ 
+ 
-t 
•f 

+ 
+ 
+ 

-f 

+ 
+ 

+ 
•f 

-f 

-f 

+ 
+ 

1 

1 

I 
1 
1 
1 

1 
1 

1 

1 

1 
1 

0 

0 
0 

0 

0 

0 

0.015 

1.570 
1.570 
1.574 
1.574 
1.608 
1.570 

5.388 
5.389 
5.399 
5.401 
5.519 
5.388 

1.485 
1.486 
1.489 
1.489 
1.520 
1.485 

-f 

• ^ 

+ 
-f 

-t 
-f 

-̂  
-f 

-̂  
-t 

-̂  
+ 

-f 

+ 

-^ 
+ 

-f 

-f 

3 

3 

3 
3 
3 
3 

2 

2 

2 

2 

2 
2 

I 
1 
1 

1 

1 
1 

0.020 

6.955 -^ 4 
6.956 -1- 4 
6.979 -1- 4 
6.981 -1- 4 
7.228 -^ 4 
6.954 -1- 4 

2.385 -1̂  4 
2.385 -1- 4 
2.393 -f 4 
2.394 -̂  4 
2.479 -t 4 
2.385 -t 4 

6.180 -1- 2 
6.181 -1- 2 
6.202 -t 2 
6.204 -1- 2 
6.423 + 2 
6.180 + 2 

^Neut ron Difference Algo r i t hm. 
^ ' P r e c u r s o r Difference Algo r i t hm. 
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BENCHMARK PROBLEM SOLUTION 

Identification; 6-A3-2 Benchmark Problem ID.o-A2 

Date Submitted: November 1971 By: E. L. Fuller (ANL) 
(Name and Organization) 

Date Accepted: December 1971 By; D. A. Meneley (ANL) 

(Name and Organization) 

Descriptive Title: Finite Difference Solution with WIGLE 

Mathematical Model 
Symmetric 3-point difference approximations are used for the 

leakage operator of the neutron diffusion equations. The time dependence 
is approximated by central differences (Crank-Nicholson). 

Computer: CDC-3600 Date Solved: January 1971 

at: ANL 

Program: WIGLE 

Reference 

1. W. R. Cadwell, A. F. Henry, and A. J. Vigilotti, WIGLE -
A Program for the Solution of the Two-Group Space-Time Diffusion 
Equations in Slab Geometry, Westinghouse Blectric Corporation, 
Bettis Atomic Power Laboratory Report WAPD-TM-416 (1964). 

Results 

Uniform mesh with Ax = 2 cm; 120 intervals 

Initial k fr = 0.9015507 (Value taken from problem solution 6 -Al - I 
to establish initial conditions.) 

Initial power fractions 

Region I 0.27895 
Region 2 0.44209 
Region 3 0.27895 

EXHIBIT A Total power (relative to initial value) vs t ime, as a 
function of t ime-s tep size. 

EXHIBIT B Regional power (relative to initial value) vs t ime. 



1 5 4 

T i m e ( s e c ) 

0 . 0 0 0 

. 0 0 1 

. 0 0 5 

. 0 1 0 

. 0 1 2 

. 0 1 5 

. 0 1 8 

. 0 2 0 

At = 2 x 1 0 ' 

1 .000 

1 . 0 2 2 

1 .659 
1 .565 + 1 

7 . 0 1 8 + 1 

6 . 8 0 2 + 2 

6 . 6 1 1 -1̂  3 

3 . 0 1 1 -1̂  4 

E X H I B I T A 

T o t a l P o w e r 

•^ At = 10-'* At = 10-"* 

1 .000 1 .000 

1 .022 1 .022 

1 .659 1 .659 
1 .565 -1- 1 1 .565 -1 1 

7 . 0 1 9 + 1 7 . 0 3 3 + 1 
6 . 8 0 3 + 2 6 . 8 2 4 + I 

6 . 6 1 1 + 3 6 . 6 3 9 + 3 

3 .01 1 -1- 4 3 . 0 2 6 + 4 

At = 1 0 - ' 

1 . 0 0 0 
1 . 0 2 2 
1 . 6 7 2 
1.802 + I 
8 . 7 6 8 + 1 

9 . 5 8 2 + I 

1 .049 + 4 
5 . 1 7 6 + 4 

E X H I B I T B 

T i m e ( s e c ) 

0 . 0 0 0 

0 . 0 0 1 

0 . 0 0 5 

0 . 0 1 0 

0 . 0 1 5 

0 . 0 2 0 

R e g i o n 

1.000 

1 .058 

2 . 4 8 4 

3 . 4 8 1 -1-

1 .570 -1-
6 . 9 5 4 -1̂  

Re 

1 

1 

3 

4 

; la t : i v e R e g i o n a l 

R e g i o n 2 

1 .000 
1 .014 

1 .544 

1 .258 + 1 

5 . 3 8 8 ^ 2 
2 . 3 8 5 + 4 

P' o w e r ^ 

R e g i o n 3 

1.000 

1 .000 

1 .017 
1 .342 
1.485 + 1 
6 . 1 7 9 -1- 2 

^ T i m e - s t e p s i z e = 10~^ s e c . 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f lca t ion ; 6 - A 3 - 3 B e n c h m a r k P r o b l e m ID.6 -A3 

Date Submi t t ed ; N o v e m b e r 1971 By: E . L. F u l l e r (ANL) 

(Name and O r g a n i z a t i o n ) 

Date Accep ted : D e c e m b e r 1971 By; D. A. Meneley (ANL) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e ; F lux F a c t o r i z a t i o n Solut ion with Q X l " 

M a t h e m a t i c a l Model 

S y m m e t r i c 3-point d i f fe rence a p p r o x i m a t i o n s at m e s h i n t e r v a l 
b o u n d a r i e s a r e u s e d for the l e akage o p e r a t o r of the n e u t r o n diffusion 
e q u a t i o n s . The i m p r o v e d q u a s i s t a t i c m e t h o d a s d e s c r i b e d in Ref. 1 i s 
u sed to so lve the t i m e - d e p e n d e n t p r o b l e m . 

P e r t i n e n t F e a t u r e s of Solut ion Methods 

The me thod c o n s i s t s of f ac to r ing the to ta l flux into the p r o d u c t of 
a s p a c e - e n e r g y - t i m e - d e p e n d e n t shape function and a p u r e l y t i m e - d e p e n d e n t 
a m p l i t u d e funct ion. The coupled se t of equa t ions which r e s u l t s is so lved 
i t e r a t i v e l y . (See Ref. 2 for d e t a i l s . ) The code inc ludes a u t o m a t i c t i m e -
step s e l e c t i o n p r o c e d u r e s , so that the solution is normal ly ob ta ined on an 
uneven t i m e m e s h . Solu t ions w e r e fo rced at p a r t i c u l a r t i m e poin ts for the 
p u r p o s e of c o m p a r i s o n . 

C o m p u t e r : IBM 360 /75 Date Solved: J a n u a r y 1971 

at; ANL 

P r o g r a n i ; QXl 

R e f e r e n c e s 

1 K. O. Ott and D. A. Mene l ey , A c c u r a c y of the Q u a s i s t a t i c T r e a t -
nt of Spa t i a l R e a c t o r K i n e t i c s , Nuc l . Sc i . Eng . 36, 402-411 (1969). 

m e 

2. D. A. Mene ley , K. O. Ott, and E . S. W i e n e r , F a s t R e a c t o r 

K i n e t i c s - - T h e Q X l Code , A r g o n n e Na t iona l L a b o r a t o r y R e p o r t A N L - 7 7 6 9 

( M a r c h 1971). 



156 

R e s u l t s 

In i t ia l kgff = 0.9015507 

In i t ia l power f r ac t i ons 

Region 1 0.27895 
Region 2 0.44209 
Region 3 0.27895 

EXHIBIT A Tota l p o w e r ( r e l a t i ve to in i t i a l va lue) and flux shape 
function count as a function of n u m b e r of t i m e - s t e p s vs t i m e . 

EXHIBIT B Regiona l power ( r e l a t i ve to in i t i a l va lue) vs t i m e . 

EXHIBIT A 

_. Total Power* Flux Shape Function Number'' Time ^ f_ 
(sec) Case 1 Case 2 Case 3 Case 4 Case 1 Case 2 Case 3 Case 4 

0.000 1.000 1.000 1.000 1.000 I 1 I 1 
O.OOI 

0 . 0 0 5 
0 . 0 1 0 

0 . 0 1 2 

1.022 
1 .660 

1 5 . 6 5 
7 0 . 1 8 

1.022 
1.666 

1 5 . 7 3 

7 0 . 5 5 

1.022 
1.673 

1 5 . 8 3 
7 0 . 9 2 

1.022 

1.673 
15 .71 

6 9 . 9 3 

20 

266 
577 
6 2 6 

4 

4 0 
140 
188 

4 
17 
57 

78 

4 
8 

13 

16 
0.015 680.0 683.6 686.8 674.0 6 53 215 91 19 
0.018 6608, 6642. 6674. 6544. 659 221 95 22 
0.020 30100. 30250. 30400. 29800. 661 223 97 24 

^ C a s e Z s h o w s t h e r e s u l t s o b t a i n e d w i t h t h e d e f a u l t t i m e - s t e p s e l e c t i o n c r i t e r i a in t h e 
Q X l c o d e ; C a s e 1 h a s a t i g h t c r i t e r i o n {.01 0) on t h e a s y m m e t r i c r e a c t i v i t y i n s e r t i o n . 
C a s e 3 h a s a l o o s e c r i t e r i o n ( .05) on t h e f r a c t i o n a l s h a p e f u n c t i o n c h a n g e in a n y r e g i o n , 
a n d C a s e 4 h a s a . 001 s e c f i x e d - s t e p l e n g t h ( f o l l o w i n g t h e i n i t i a l s t e p s ) p l u s o n e s t e p a t 
. 0 1 0 1 s e c t o o b t a i n p o w e r d e f i n i t i o n of t h e e n d of t h e r a m p a t . 01 s e c . 

^ C u m u l a t i v e u p t o t h e g i v e n t i m e . 

E X H I B I T B ^ 

T i m e ( s e c ) 

0 . 0 0 0 
O.OOI 

0 . 0 0 5 
O.OIO 

0 . 0 1 5 
0 . 0 2 0 

R e g i o n 1 

1 ,000 

1.061 
2 . 4 8 6 

3 4 . 8 2 

1 5 6 9 . 
6 9 5 0 0 . 

R e l a t i v e R e g i o n a l 

R e g i o n 2 

1.000 
1 .014 
1 .545 

1 2 . 5 9 
5 3 8 . 6 

2 3 8 3 0 . 

P o w e r 

R e g i o n 3 

1 .000 

0 . 9 9 9 
I . 0 1 6 

1 4 . 9 3 
1 4 . 9 3 

6 1 8 . 2 

* F o r C a s e I . 
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BENCHMARK PROBLEM 

Identification: 6-A4 Source Situation ID.6 

Date Submitted: November 1971 By: E. L. Fuller (ANL) 
(Name and Organization) 

Date Accepted: December 1971 By: D. A. Meneley (ANL) 
(Name and Organization) 

Descriptive Title: Prompt Super-cri t ical Transient, ID 2-group Neutron 
Diffusion Problem in Thermal Reactor with Modified 
Neutron Velocities 

Reduction of Source Situation 

1. Two-group diffusion theory 

2. Six delayed-neutron precursor groups 

Data 

Same as for problem 6-Al, except for: 

Region 1 and 3 

v' (cm/sec) 1.00 -f 9 1.00 + 9 

v^ (cm/sec) 3.00 -t 7 ,3.00 + 7 

Initiating Perturbation 

Ê  in region 1 is linearly decreased by 5% in 0.01 sec. (The initial 
configuration is made cri t ical by dividing the fission cross sections by k^ff. 
The initial p recursor concentrations are in equilibrium with the initial 
cri t ical flux distribution.) 

Expected Results 

1. Total power vs time 

2. Regional power vs time 

Best Solution Available; QXl solution described in the solution 6-A4-2. 

Solutions 

1. Direct Finite Differences: 6-A4-1 

—---̂ - —__.-.__^2ation Method: 6-A4-2 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion: 6 - A 4 - 1 B e n c h m a r k P r o b l e m ID.6-A4 

Date Submi t ted : N o v e m b e r 1971 By; E. L . F u l l e r (ANL) 

(Name and O r g a n i z a t i o n ) 

Date Accep ted : D e c e m b e r 1971 By; D. A. Mene ley (ANL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : F i n i t e - d i f f e r e n c e Solution with RAUMZEIT 

M a t h e m a t i c a l Model 

S y m m e t r i c 3-point d i f fe rence a p p r o x i m a t i o n s at m e s h i n t e r v a l 
b o u n d a r i e s a r e used for the l eakage o p e r a t o r of the n e u t r o n diffusion 
e q u a t i o n s . The t i m e dependence of n e u t r o n and p r e c u r s o r equa t ions is 
a p p r o x i m a t e d by the t i m e - i n t e g r a t e d (TI) , a v e r a g e (AV), or b a c k w a r d 
d i f fe rence (BD) a l g o r i t h m . 

P e r t i n e n t F e a t u r e s of Solution Methods 

Di f fe renced ( d i s c r e t e ) equa t ions a r e f o r m u l a t e d as a m a t r i x 
i n v e r s i o n . 

T h e o r y 

S a m e as for solut ion 6 - A l - l . 

C o m p u t e r : IBM 360 /75 Date Solved; June 1971 

at; ANL 

P r o g r a m : RAUMZEIT 

R e f e r e n c e 

1. C. H. A d a m s and W. M. S tacey , J r . , RAUMZEIT - A P r o g r a m 
to Solve Coupled T i m e - D e p e n d e n t Neu t ron Diffusion Equa t ions in One Space 
D imens ion , Knolls A tomic P o w e r L a b o r a t o r y R e p o r t K A P L - M - 6 7 2 8 (1967). 

R e s u l t s 

Note : T h e s e r e s u l t s w e r e ob ta ined us ing the t i m e - i n t e g r a t e d (TI) 
a l g o r i t h m for both the neu t ron and p r e c u r s o r e q u a t i o n s . 
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Initial keff = 0.9015507 

Initial power fractions 

Region 1 0.27895 
Region 2 0.44209 
Region 3 0.27895 

EXHIBIT A Total power (relative to initial value) vs t ime, as a 
function of t ime-s tep size. 

EXHIBIT B Regional power (relative to initial value) vs t ime. 

EXHIBIT A 

T i m e ( s e c ) 

0 . 0 0 0 
0 . 0 0 1 
0 . 0 0 2 
0 . 0 0 3 
0 . 0 0 3 5 
0 . 0 0 4 0 
0 . 0 0 4 5 
0 . 0 0 5 0 

At = 1 0 " ' 

1.000 

1.178 
1.558 
2 . 7 9 7 
5 .284 

2 0 . 7 2 
4 7 2 . 0 

153700 . 

At 

T o t a l 

= 10 -^ 

1.000 
1.178 
1.558 
2 .797 
5 .284 

2 0 . 7 3 
4 7 3 . 0 

1 5 5 3 0 0 . 

P o w e r 

At = 5 x 1 0 - * 

1.000 

1.178 
1.558 
2 . 7 9 7 
5 .287 

2 0 . 8 5 
4 9 8 . 4 

2 0 3 7 0 0 . 

At = i o - « 

1.000 

1 .178 
1.559 
2 . 7 9 8 
5 . 2 9 7 

2 1 . 2 5 
5 9 6 . 6 

6 3 2 7 0 0 . 

EXHIBIT B , 

T i m e ( s e c ) 

0 . 0 0 0 
0 .001 
0 .002 
0 . 0 0 3 
0 .004 
0 . 0 0 5 

R e g i o n 1 

1.000 

1.351 
2 . 1 0 1 
4 . 5 4 7 

4 0 . 3 6 
3 1 7 1 0 0 . 

Re i l a t i v e R e g i o n a l P o w e r ^ 

R e g i o n 2 

1.000 
1.167 
1.525 
2 . 6 8 6 

19 .37 
1 3 9 5 0 0 . 

R e g i o n 3 

1.000 

1.022 
1.070 
1.222 
3 .224 

1 2 7 1 0 . 

*At = 10-' sec. 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion: 6 - A 4 - 2 B e n c h m a r k P r o b l e m ID.6-A4 

Date Submi t t ed : N o v e m b e r 1971 By; E . L. F u l l e r (ANL) 

(Name and O r g a n i z a t i o n ) 

Date Accep ted : D e c e m b e r 1971 By: D. A. Mene ley (ANL) 

(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e ; F lux F a c t o r i z a t i o n Solut ion with QXl^ 

M a t h e m a t i c a l Model 

S y m m e t r i c 3-point d i f fe rence appr .x ima t ions at m e s h i n t e r v a l 
b o u n d a r i e s a r e used for the l eakage opera or of the n e u t r o n diffusion 
e q u a t i o n s . The i m p r o v e d q u a s i s t a t i c me thod as d e s c r i b e d in Ref. 1 is 
u s e d to solve the t i m e - d e p e n d e n t p r o b l e m . 

P e r t i n e n t F e a t u r e s of Solution Methods 

The me thod c o n s i s t s of fac to r ing the to ta l flux into the p r o d u c t of a 
s p a c e - e n e r g y - t i m e - d e p e n d e n t shape function. The couples se t of equa t ions 
which r e s u l t s i s so lved i t e r a t i v e l y . (See Ref. 2 for d e t a i l s . ) The code i n ­
c ludes a u t o m a t i c t i m e - s t e p s e l e c t i o n p r o c e d u r e s , so that the so lu t ion is 
n o r m a l l y obta ined on an uneven t i m e m e s h . Solut ions w e r e forced at 
p a r t i c u l a r t i m e points for the p u r p o s e of c o m p a r i s o n . 

C o m p u t e r : IBM 360 /75 Date Solved: June 1971 

at; ANL 

P r o g r a m ; QXl 

R e f e r e n c e s 

1. K. O. Ott and D. A. Meneley , A c c u r a c y of the Q u a s i s t a t i c T r e a t ­
m e n t of Spa t ia l R e a c t o r K i n e t i c s , Nucl . Sc i . Eng . 36, 402-411 (1969). 

2. D. A. Mene ley , K. O. Ott and E. S. Wiene r , F a s t R e a c t o r 
K ine t i c s - - T h e QXl Code, Argonne Nat iona l L a b o r a t o r y R e p o r t ANL-7769 
(March 1971). 
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Results 

Initial k^ff = 0.9015507 

Initial power fractions 

Region 1 0.27895 
Region 2 0.44209 
Region 3 0.27895 

EXHIBIT A Total power (relative to initial value) and flux shape 
function count as a function of number of t ime-s teps vs t ime. 

EXHIBIT B Regional power (relative to initial value) vs t ime. 

Time (seel 

0.000 
0.W1 
0.002 
0.W3 
0.K» 
aoo< 
0(Mi 
ooo; 

C4se 1 

1.000 
1.178 
1.H8 
2.797 
S.284 

20 72 
4716 

153500 

Case 2 

ICOO 
1 178 
1558 
2 7?? 
5 284 

20 72 
471 1 

153200 

Total PoneH 

Case 3 

1000 
1 178 
1558 
2 787 
5 245 

20 66 
47O0 

1527M 

EXHIBIT A 

Case 4 

1000 
1 178 
1 558 
2 787 
5 227 

2006 
4317 

140700 

Case i 

1000 
1 178 
1558 
275? 

1832 

118400 

Case I 

1 
10 
21 
42 
64 

212 
248 
258 

Flux Shape Function 

Case 2 

1 
7 

« 14 
18 
48 
57 
to 

Case 3 

1 
7 
1 

11 
13 
28 
34 
35 

Number" 

Case 4 

1 
7 
1 
n 
12 
13 
14 
15 

Case 5 

1 
6 
7 
8 

9 

11 

aCase 1 Delaull time-step selection criteria; Case 2 Shape-lunction criterion 0 1: asymmetric reactivity and amplitude change tests 
oil: Case 3 Shape lunclion criterion 0 2: asymmetric reactivity and amplitude change tests ott Case 4 Shape-tunction, asymmetric 
reactivity, and amplitude change tests oil: lorce lime steps at 5 « 10"' sec intervals and Case 5 Same as Case 4, eicepi time steps 
forced at 1 t 10-3 sec intervals 

"Cumulative up to the given time. 

Time (seel 

O.00O 

am 
O.O02 

0.003 

0.0M 

o.oie 

EXHIBIT 

Region 1 

1.000 

i.an 
2.101 

4.SI7 

40 36 

316800. 

B' 

Relative Regional Power 

Region 2 

lOX 

1 167 

1525 

2687 

1137 

13M00 

Region 3 

1000 

1022 

1070 

1222 

3224 

12700. 

aFor Case 1. as defined in EXHIBIT A 
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BENCHMARK SOURCE SITUATION 

Iden t i f i ca t ion : 7 
(To be filled in by B e n c h m a r k C o m m i t t e e ) 

Date Submi t ted : N o v e m b e r 1970 By; R. H. Brog l i (GGA) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted : July 1972 By: D. A. Mene ley (Onta r io Hydro) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : M o n o e n e r g e t i c Po in t R e a c t o r Model 

Sugges ted Func t ion ; T e s t point d y n a m i c s solut ion m e t h o d s 

Conf igura t ion 

T e m p o r a l b e h a v i o r of the r e a c t o r is d e s c r i b e d by the following 
equa t i ons : 

d P 
dt 

p ( t , a ) ) • 
+ E>-i^i 

dfli Pi 
_ = - p . , ^ T l ^ ( l . i . l ) 

p(t,u)) = f(t) + ^bj[u)j(t) ,u,j(0)] 

do); 
- ^ = g j [P( t ) ,P(0) ] ( l ^ j £ J) 

In i t ia l condi t ions a r e defined cons i s t en t with 

d P "^^i 
_ . _ . O fo r t = ( O - c ) . 

F u n c t i o n s f, b j , and gj a r e p i e c e w i s e cont inuous functions of t i m e . 
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Symbols are defined as follows: 

Name 

P 
t 

p(t,(ju) 

P 

A 

e 

Physical Meaning 

power density 

time 

reactivity 

total delayed-neutron fraction 

prompt-neutron generation time 

delayed-neutron-precursor decay constant 

delayed-neutron-pre cursor density 

delayed-neutron fraction J] Bi = 6 

Dimensions 

w/cm ' 

sec 

sec 

(sec)- ' 

(cm' ) - ' 
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BENCHMARK P R O B L E M 

Iden t i f i ca t ion : 7-Al S o u r c e S i tua t ion ID. 7 

Date Submi t t ed : N o v e m b e r 1970 By: R. H. Brog l i (GGA) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted : July 1972 By: D. A. Mene ley (Onta r io Hydro) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : Po in t R e a c t o r , R a m p Reac t i v i t y I n s e r t i o n , and L i n e a r 
T e m p e r a t u r e F e e d b a c k 

Reduc t ion of S o u r c e Si tuat ion 

1. No de layed n e u t r o n s ; 

2. L i n e a r r e a c t i v i t y i n s e r t i o n ; f(t) = At 

3. L i n e a r t e m p e r a t u r e feedback; J = 1 

a n d 

with 

Data 

Oj[uDj(t),a,(0)] = B [ T ( t ) - T ( 0 ) ] 

dT 1 ^ , > 

In i t ia l power dens i ty P(0) = 10 w / c m ' 

In i t ia l t e m p e r a t u r e T(0) = 0°C 

G e n e r a t i o n t i m e A = 5 x IQ-'' s e c 

Input r e a c t i v i t y r a m p ra t e A = 5 x 10-^ s e c - ' 

T e m p e r a t u r e coefficient B = -1 x IQ-'' ("C)"' 



I b D 

E x p e c t e d P r i m a r y R e s u l t s 

1. P e r i o d of power dens i t y o s c i l l a t i o n 

2. M a x i m u m power dens i t y 

3. T e m p e r a t u r e r i s e per pe r iod . 

P o s s i b l e Addi t iona l R e s u l t s 

1. P lo t of t e m p e r a t u r e vs t i m e 

2. P lo t of power dens i ty vs t i m e 

3. Sens i t iv i ty of r e s u l t s to t i m e - s t e p length . 

4. T a b u l a r t e m p e r a t u r e s and power d e n s i t i e s at s e l e c t e d t i m e 
po in t s . 

B e s t Solut ion Ava i l ab le : Ana ly t ic r e s u l t . 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion ; 7 - A l - l 

Date Submi t t ed : June 1972 

B e n c h m a r k P r o b l e m ID.7-A1 

By; R. H. Brog l i (GGA) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted ; J a n u a r y 1973 By: D. A. Mene ley (Onta r io Hydro) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : Ana ly t i c Solut ion of P r o m p t Poin t R e a c t o r Equa t ion 
with L i n e a r T e m p e r a t u r e F e e d b a c k 

M a t h e m a t i c a l Model 

The equa t ions given in ID.7-A1 a r e w r i t t e n in d i m e n s i o n l e s s fo rm 
and solved exac t ly by the m e t h o d s d e s c r i b e d in Refs . 1 and 2, us ing the 
def in i t ions ; 

A B 

v( t ) = l p ( t ) , v(o) = lp(o), 

a a 

X = yZt. 

The power dens i ty P(t) and the t e m p e r a t u r e T(t) a r e given by: 

P(t) = i i v ( x ) 
Y 

T(t) = T(0) -̂  ^S(X) 
YC 

- 0 £ Va £ . 

w h e r e P^^ is the pe r iod of the power o sc i l l a t i on . 

In t roduc ing the definit ion w = In [V(X)], the functions X(w) and S(w) 
a r e ca l cu la t ed f rom: 

X(w) = 
d u 

, r "' ln\ . V/(05l 
: u - e - w ( 0 ) + e I 

S(w) = 
e " d u 

y,o) V2[^u - e " - w (0 )+ e * ° J 
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with w(0) < 0. The period P^ is determined by integration of the first of 
these equations to w,, where w, is the solution / w(0) of the equation 

e * - w = e*"" - w(0). 

Pertinent Features of Solution Methods 

The solution for w, was found by iteration, and the W(w) and S(w) 
equations were integrated by Simpson's rule with an analytical treatment 
in small intervals around w(0) and w,. 

Date Solved: November 1970 

at: GGA 

References 

1. R. Froehlich and S. R. Johnson, Reactor Excursions with Ramp 
Reactivity Insertion and Linear Temperature Feedback, General Atomic 
Report GA-8676 (1968). 

2. R. Froehlich and S. R. Johnson, Exact Solution of the Non-Linear 
Prompt Kinetics Equations, A Benchmark Problem in Reactor Kinetics, 
Nukleonik, U.. 93 (1969). 

Results 

Period of power density oscillation =,0.8198 sec 

Maximum power density = 6484.60 w/cm ' 

Temperature r ise per period = 409.9°C 

EXHIBIT A: Tabular values of X, V, and S for v(0) = 1 x 10"^ 

EXHIBIT B: Tabular values of X, V, and S for v(0) = 9 x 10"' 

EXHIBIT C: Tabular values of ma.ximum power density, period of 
power density oscillation, and time of niaximum reactivity as a function of 
V(0). 
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E X H I B I T A 

R e l a t i o n b e t w e e n V , S a n d X = 'Jot 

V ( 0 ) = 1 . 0 0 0 - 0 2 

X 

0 . 0 0 0 

6 . 8 2 2 - 0 1 

9 . 6 5 0 - 0 1 

1.182-1-00 

1.365- fOO 

1.527-1-00 

1.673-1-00 

1 . 8 0 6 + 0 0 

1.934-1-00 

2.052-1-00 

2.164-fOO 
2.271-fOO 
2.374-1-00 
2.473-1-00 
2.569+00 
2.662 + 00 
2.752 + 00 
2 . 8 4 1 + 0 0 

2.925+00 
3 . 0 1 5 + 0 0 

3 . 1 0 0 + 0 0 

3 . 1 3 5 + 0 0 

3 . 1 7 0 + 0 0 

3 . 2 0 5 + 0 0 

3 . 2 4 0 + 00 

3 . 2 7 5 + 0 0 

3 . 3 1 1 + 0 0 

3 . 3 4 7 + 00 

3 . 3 8 3 + 00 

3 . 4 2 0 + 0 0 

3 . 4 5 8 + 0 0 

3.496+00 
3.636+00 
3.577+00 
3 . 6 2 1 + 0 0 

3.666+00 
3 . 7 1 6 + 0 0 

3 . 7 7 0 + 0 0 

3 . 8 3 3 + 0 0 

3 . 9 1 2 + 0 0 

4.099+00 

1 . 0 0 0 - 0 2 

1 . 2 5 9 - 0 2 

1 . 5 8 5 - 0 2 

1 . 9 9 5 - 0 2 

2 . 5 1 2 - 0 2 

3 . 1 6 2 - 0 2 

3 . 9 8 1 - 0 2 

5 . 0 1 2 - 0 2 

6 . 3 1 0 - 0 2 

7 . 9 4 3 - 0 2 

1 . 0 0 0 - 0 1 

1 . 2 5 9 - 0 1 

1 . 5 8 5 - 0 1 

1 . 9 9 5 - 0 1 

2 . 5 1 2 - 0 1 

3 . 1 6 2 - 0 1 

3 . 9 8 1 - 0 1 

5 . 0 1 2 - 0 1 

6 . 3 1 0 - 0 1 

7 . 9 4 3 - 0 1 

1 . 0 0 0 + 0 0 

1 .098 + 00 

1 .206 + 00 

1 . 3 2 4 + 0 0 

1 . 4 5 3 + 0 0 

1 . 5 9 6 + 0 0 

1 . 7 5 2 + 0 0 

1 . 9 2 4 + 0 0 

2 . 1 1 2 + 0 0 

2 . 3 1 9 + 0 0 

2 . 5 4 6 + 0 0 

2 . 7 9 6 + 0 0 

3 . 0 7 0 + 00 

3 . 3 7 1 + 0 0 

3 . 7 0 1 + 0 0 

4 . 0 6 4 + 00 

4 . 4 6 2 + 00 

4 .899+OC 

5 . 3 7 9 + 00 

5 . 9 0 6 + 0 0 

6 . 4 8 5 + 00 

0 . 0 0 0 

7 . 3 8 5 - 0 3 

1 . 1 3 6 - 0 2 

1 . 5 2 2 - 0 2 

1 . 9 3 2 - 0 2 

2 . 3 8 7 - 0 2 

2 . 9 0 7 - 0 2 
3 . 5 0 9 - 0 2 
4 . 2 1 6 - 0 2 

5 . 0 5 5 - 0 2 

6 . 0 5 6 - 0 2 
7 .258 -02 
8 . 7 1 0 - 0 2 

1 . 0 4 7 - 0 1 

1 . 2 6 2 - 0 1 

1 . 5 2 4 - 0 1 

1 . 8 4 7 - 0 1 

2 . 2 4 4 - 0 1 

2 . 7 3 6 - 0 1 

3 . 3 4 8 - 0 1 

4 . 1 1 4 - 0 1 

4 . 4 7 9 - 0 1 

4 . 8 7 9 - 0 1 

5 . 3 2 0 - 0 1 

5 . 8 0 7 - 0 1 

6 . 3 4 4 - 0 1 

6 . 9 3 9 - 0 1 
7 . 5 9 9 - 0 1 
8 . 3 3 2 - 0 1 

9 . 1 5 1 - 0 1 

1 . 0 0 7 + 0 0 

1 .110 + 00 

1 . 2 2 7 + 0 0 

1 . 3 5 9 + 0 0 

1 . 5 1 2 + 0 0 

1 . 6 9 0 + 0 0 

1 . 9 0 0 + 0 0 

2 . 1 5 4 + 0 0 

2 . 4 7 7 + 0 0 

2.927+00 
4 .099+00 
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R e l a t i o n be tween V, S and X - .J^ • 
V(0) = 9 .000-03 
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0.000 
6 . 8 9 6 - 0 1 
9 . 7 5 4 - 0 1 
1.195+00 
1.380+00 
1.543+00 
1.691+00 
1.827+00 
1.954+00 
2 .074+00 
2.187+00 
2.295+00 
2.399 + 00 
2 .499+00 
2 .595+00 
2 .689+00 
2.781+00 
2.870+00 
2 .958+00 
3.046+00 
3.132 + 00 
3.167 + 00 
3.201+00 
3.236+00 
3.271+00 
3.306+00 
3.341+00 
3.377+00 
3.413+00 
3.450+00 
3 .488+00 
3.526+00 
3.566+00 
3.607+00 
3.650+00 
3.695+00 
3.744+00 
3 .798+00 
3 .861+00 
3 .940+00 
4.125+00 

9 . 0 0 0 - 0 3 
1.139-02 
1.442-02 
1.824-02 
2 . 3 0 9 - 0 2 
2 . 9 2 2 - 0 2 
3 . 6 9 8 - 0 2 
4 . 6 8 0 - 0 2 
5 . 9 2 3 - 0 2 
7 . 4 9 6 - 0 2 
9 . 4 8 7 - 0 2 
1.201-01 
1.519-01 
1.923-01 
2 .434-01 
3.080-01 
3 . 8 9 8 - 0 1 
4 . 9 3 3 - 0 1 
6 . 2 4 3 - 0 1 

7 . 9 0 2 - 0 1 
1.000+00 
1.099 + 00 
1.208+00 
1.327+00 
1.459+00 
1.603+00 
1.762+00 
1.937+00 

2.128+00 
2.339+00 
2.571+00 
2.825+00 
3.105+00 
3.412+00 
3.750+00 
4.121+00 
4.529+00 
4 .978+00 
5.471+00 
6.012+00 
6.608+00 

0 .000 
6 . 7 3 1 - 0 3 
1.038-02 
1 .393-02 
1.773-02 
2 . 1 9 7 - 0 2 
2 . 6 8 4 - 0 2 
3.251-02 
3 . 9 2 0 - 0 2 
4 .717 -02 
5 . 6 7 4 - 0 2 
6 . 8 2 9 - 0 2 
8.231-02 
9 . 9 4 1 - 0 2 

1.203-01 
1.461-01 
1.779-01 
2 .172-01 
2 . 6 6 2 - 0 1 

3.275-01 
4 .045-01 
4 .408-01 
4 .808-01 
5 .248-01 
5.734-01 
6 .271-01 
6 . 8 6 8 - 0 1 
7.527-01 
8 . 2 6 3 - 0 1 

9 . 0 8 5 - 0 1 
1.001+00 
1.104+00 
1.222+00 
1.355+00 
1.509+00 
1.688+00 
1.900+00 
2.157+00 
2.484+00 
2 .939+00 
4.125+00 
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EXHIBIT C 

D i m e n s i o n l e s s Q u a n t i t i e s Vj , P j^ , a n d x * a s F u n c t i o n s of VQ 

V[ d i m e n s i o n l e s s m a x i m u m p o w e r d e n s i t y 

P x d i m e n s i o n l e s s p e r i o d of p o w e r d e n s i t y o s c i l l a t i o n 

X* d i m e n s i o n l e s s t i m e of m a x i m u m r e a c t i v i t y 

VQ dimensionless initial power density 

9.000-01 1.107 + 00 6.286 + 00 1.606 + 00 
8 .000-01 1.231+00 6.295+00 1.646+00 
7 .000-01 1.375+00 6.313+00 1.691+00 
6 .000-01 1.547+00 6.341+00 1.743+00 
5.000-01 1.756+00 6.385+00 1.806+00 
4 .000-01 2.019+00 6.450+00 1.882+00 
3 .000-01 2.365+00 6.550+00 1.982+00 
2 .000-01 2.860 + 00 6.713 + 00 2.122 + 00 
1.000-01 3.715+00 7.031+00 2.359+00 
9 .000-02 3.845+00 7.083+00 2.395+00 
8 .000-02 3.989+00 7.141+00 2.435+00 
7 .000-02 4.153+00 7.207+00 2.480+00 
6 .000-02 4.342 + 00 7.284+00 2.531+00 
5 .000-02 4.564+00 7.376+00 2.592+00 
4 .000-02 4.835 + 00 7.490 + 00 2.665 + 00 
3 .000-02 5.182+00 7.637+00 2.758+00 
2 .000-02 5.657+00 7.845+00 2.887+00 
1.000-02 6.485+00 8.198+00 3.100+00 
9 .000-03 6.608+00 8.251+00 3.132+00 
8 .000-03 6.745+00 8.310+00 3.167+00 
7 .000-03 6.900+00 8.376+00 3.207+00 
6 .000-03 7.079+00 8.453+00 3.252+00 
5.000-03 7.290+00 8.543+00 3.305+00 
4 .000-03 7.547+00 8.652+00 3.368+00 
3 .000-03 7.876+00 8.792+00 3.449+00 
2 .000-03 8.337+00 8.985+00 3.561+00 
1.000-03 9.119+00 9.308+00 3.746+00 
9 .000-04 9.237+00 9.356+00 3.773+00 
8 .000-04 9.369+00 9.410+00 3.803+00 
7 .000-04 9.518+00 9.470+00 3.838+00 
6 .000-04 9.690+00 9.539+00 3.877+00 
5.000-04 9.893+00 9.621+00 3.923+00 
4 .000-04 1.014+01 9.719+00 3.978+00 
3 .000-04 1.046+01 ^ 9.845+00 4.049+00 
2 .000-04 1.091+01 * 1.002+01 4.146 + 00 
1.000-04 1.167+01 1.031+01 4.308 + 00 
9 .000 -05 1.178+01 1.035 + 01 4.333 + 00 
8 .000-05 1.191+01 1.040+01 4.359+00 
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6 .000-05 
5 .000-05 
4 .000 -05 
3 .000-05 

EXHIBIT C (Contd. 

7 0 0 0 - 0 5 1.206 + 01 1.046+01 4.390+00 
1.222+01 1.052+01 4.424+00 
1.242 + 01 1.059+01 4.465+00 
1.267+01 1.068+01 4.514+00 
1 298+01 1.080+01 4.577+00 

2 ' 0 0 0 - 0 5 1.342+01 1.095+01 4.664+00 
i ; 0 0 0 - 0 5 1.416 + 01 1.122 + 01 •^•8'Q^°0 
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BENCHMARK PROBLEM SOLUTION 

Identification: 7-A1-2 Benchmark Problem ID. 7-AI 

Date Submitted: June 1972 By; R. H. Brogli (GGA) 

(Name and Organization) 

Date Accepted: January 1973 By; D. A. Meneley (Ontario Hydro) 

(Name and Organization) 

Descriptive Title; GAKIT ' Finite-difference Solution 

Mathematical Model; See Ref. 1. 

Pertinent Features of Solution Methods 

1. GAKIT was run with one group and reflecting boundary 
conditions. 

2. The GAKIT flux equation: 

IY = v[v(T)5:f-Z^(t)] i 

/as adjusted to match the point reactor equation: 

dP 
dt 

, f At + B[T(t) + T(0)]-| . 

by choosing the parameters listed below: 

Parameter Value 

^l 1.6 x 1 0 - ' c m - ' 

V 5 x l 0 ^ c m s e c -

^JO) 2 . 4 x 1 0 - ' c m - ' 

d t - 2 . 0 X lO-"* c m - ' s e c -

v ( 0 ) 2 . 5 

- 2 . 5 X lO--" ° C - ' 
dv_ 
dX 

3. The heat-transfer coefficient to the coolant was set to a very 

small value to simulate the temperature equation in the problem statement. 
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Computer; UNIVAC 1108 Date Solved: November 1970 

at: GGA 

Program: GAKIT 

Reference 

1. R. Froehlich, S. R. Johnson, and M. H. Merr i l l , GAKIT--A One-
Dimensional Multigroup Kinetics Code with Temperature Feedback. General 
Atomic Report GA-8576 (1968). 

Results 

Period of power density oscillation = 0.820 sec 
Maximum power density = 6502 w/cm 
Temperature r i se per period = 410. TC 
EXHIBIT A Power density vs time compared with analytical result . 
EXHIBIT B Temperature vs t ime compared with analytical result . 
EXHIBIT C Power density and temperature vs time for different 

GAKIT t ime-step sizes. 

EXHIBIT A 
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EXHIBIT B 

800 

Z ^00 

A
T

U
R

E
 

cc t+QO 
UJ 
Q. 
31 

200 

-

-

1 

A 

1 

EXACT SOLUTION 

- G A K I T 

0 . 5 1 -0 

T IME ( S E C ) 

EXHIBIT C 

POWER DENSITV AND TEMPERATURE VERSUS TIME FOR DIFFERENT TIME STEPS 

Time 

0.0 
0.1025 
0.2050 
0.3075 
0.4100 
0.5125 
0.6150 
0.7175 
0.8200 
0.9225 
1.0250 
1.1275 
1.2300 
1.3325 
1.4350 
1.5375 
1.6400 

At=0 

Power 

10.00 
16.71 
78.06 

908.7 
6591.3 
939.8 

70.00 
13.05 
6.89 

10.48 
45.80 

528.1 
6501.3 
1482.5 

87.40 
12.21 
4.79 

025 

Temp. 

0.0 
0.6 
2.3 

17.1 
192.6 
394.6 
412.5 
414.2 
414.7 
415.0 
416.0 
424.5 
550.1 
810.1 
837.2 
839.1 
839.5 

At=0 

Power 

10.00 
16.72 
78.63 

930.9 
6535.0 
923.6 
76.30 
15.90 
8.28 

15.36 
71.93 

852.8 
6595.0 
987.9 

78.20 
15.52 
8.65 

005 

Temp. 

0.0 
0.5 
2.3 

17.9 
196.5 
389.3 
408.2 
410.1 
410.7 
411.3 
412.9 
427.2 
598.7 
802.1 
820.9 
822.7 
823.3 

i t=0 

Power 

10.00 
16.74 
78.84 

932.5 
6502.0 
926.5 

78.30 
16.55 
9.83 

16.50 
77.46 

916.0 
6514.6 
940.0 

78.60 
16.50 
9.70 

001 

Temp. 

0.0 
0.6 
2.4 

19.0 
203.2 
390.7 
407.6 
409.5 
410.1 
410.6 
412.4 
428.7 
611.8 
800.7 
818.0 
819.8 
820.4 

Exact 

Power 

10.0 

6485.0 

10.0 

6485.0 

10.0 

Temp. 

0.0 

204.9 

409.9 1 

614.9 

819.8 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion ; 7 - A 1 - 3 B e n c h m a r k P r o b l e m ID. 7-A 1 

Date Submi t t ed : May 1971 By: W. H. Kbh le r and 

R. T. P e r r y ( T e x a s A&M) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted ; J a n u a r y 1973 By: D. A. Mene ley (On ta r io Hydro) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e ; A I R E K 3 ' F i n i t e - d i f f e r e n c e Solut ion 

M a t h e m a t i c a l Model : See Ref. 1. 

P e r t i n e n t F e a t u r e s of Solut ion Methods 

The following input p a r a m e t e r s and code change w e r e n e c e s s a r y to 
adapt AIREK3 to the b e n c h m a r k p r o b l e m . R e m a i n i n g input was as given in 
the p r o b l e m s t a t e m e n t . 

1) DD(1) ( n u m b e r of de layed n e u t r o n g roups ) = 1 

2) DD(3) (delayed neu t ron f rac t ion) = 1 

3) DD(31) (delayed neu t ron decay cons t an t ) = 0 

4) DD(46) ( ini t ia l n o r m a l i z e d de layed n e u t r o n 
c o n c e n t r a t i o n ) * - " 

5) Change s t a t e m e n t n u m b e r 70 in p r o g r a m 
f rom; 70 ALN = B / E L L * ( R A - 1 ) 

to : 70 ALN = B / E L L * R A 

6) DD(9) ( t i m e - s t e p s i ze ) = 3-28 x 10 

7) DD(IO) (minin-ium s t ep s i ze ) = 3.28 x 10 

8) D D ( l l ) ( m a x i m u m s t ep s i ze ) = 3.28 x 10 

C o m p u t e r : IBM 3 6 0 / 6 5 Date Solved: May 1971 

a t : T e x a s A&M 

P r o g r a m : AIREK3 

R e f e r e n c e 

1. L. R. Blue and M. Hoffman, G e n e r a l i z e d P r o g r a m for the 
N u m e r i c a l Solu t ion of Space Independen t R e a c t o r K ine t i c s E q u a t i o n s , 

1 Documen t A M T D - 1 3 1 (1963). 
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R e s u l t s 

P e r i o d of power dens i ty o sc i l l a t i on = 0.8200 sec 

M a x i m u m power dens i t y = 6484.49 w / c m ' 

T e m p e r a t u r e r i s e pe r pe r iod = 409.86°C. 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion: 7 - A 1 - 4 B e n c h m a r k P r o b l e m ID. 7 -Al 

Date Submi t t ed : July 1971 By: J. J . Kaganove (ANL) 

(Name and O r g a n i z a t i o n ) 

Date Accep ted : J a n u a r y 1973 By: H. G r e e n s p a n (ANL) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : R 1 2 3 J U M P - R e a c t o r K ine t i c s 

M a t h e m a t i c a l Model ; Co l loca t ion Solut ion ' 

P e r t i n e n t F e a t u r e s of Solut ion Methods 

The following input p a r a m e t e r s w e r e used in R123 to so lve the 

b e n c h m a r k p r o b l e m . 

1) N u m b e r of de layed neu t ron g r o u p s = 1 

2) Delayed n e u t r o n f rac t ion = 0.0 

3) Re l a t i ve a c c u r a c y e r r o r con t ro l = 10-

C o m p u t e r : CDC 3600 Date Solved: June 7, 1971 

P r o g r a m : R 1 2 3 J U M P « 

R e f e r e n c e s 

1. J . J . Kaganove , N u m e r i c a l Solut ion of the O n e - g r o u p , S p a c e -
independent R e a c t o r K ine t i c s E q u a t i o n s for Neu t ron Dens i ty Given the 
E x c e s s R e a c t i v i t y , Argonne Nat iona l L a b o r a t o r y R e p o r t A N L - 6 I 32 ( F e b I960) . 

2. H. G r e e n s p a n , C. N. K e l b e r , and D. O k r e n t (Eds . ) , "Compu t ing 
Methods in R e a c t o r P h y s i c s , " Gordon and B r e a c h S c i e n c e P u b l i s h e r s , 
N e w Y o r k ( 1 9 6 8 ) . 

R e s u l t s 

P e r i o d of power dens i t y o s c i l l a t i o n = 0.81975 s e c 

M a x i m u m p o w e r d e n s i t y = 6484.601 w / c m ' 

T e m p e r a t u r e r i s e p e r pe r iod = 409.8741°C. 
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BENCHMARK P R O B L E M 

Ident i f ica t ion : 7-A2 S o u r c e Si tuat ion ID.7 

Date Submi t ted : June 1972 By; R. H. Brog l i (GGA) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted ; July 1972 By: D. A. Meneley (Ontar io Hydro) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : Point R e a c t o r , R a m p Reac t iv i ty I n s e r t i o n , and L i n e a r 
T e m p e r a t u r e F e e d b a c k with Cons tan t Heat R e m o v a l 

Reduc t ion of Source Si tuat ion 

1. No de layed n e u t r o n s ; 

2. L i n e a r r e a c t i v i t y i n s e r t i o n ; f(t) = At 

3. L i n e a r t e m p e r a t u r e feedback; J = 1 

and 

3j[u)j(t),ii,(0)] = B[T(t) - T ( 0 ) ] 

with 

Data 

f =^[P(t)-P(0)l 

Ini t ia l power dens i ty P(0) = 10 w / c m ' 

In i t i a l t e m p e r a t u r e T(0) = 0°C 

G e n e r a t i o n t i m e A = 5 x 10-* sec 

Input r eac t i v i t y r a m p ra t e A = 5 x 10"^ s e c - ' 

T e m p e r a t u r e coefficient B = -1 x lO-* (°C)- ' 

TT 1 ,. r~ , w • sec Heat capac i ty C = 2 j ;— 



179 

Expected P r i m a r y R e s u l t s 

1. P e r i o d of power dens i ty o s c i l l a t i o n 

2. M a x i m u m power dens i ty 

3. T e m p e r a t u r e r i s e per p e r i o d . 

P o s s i b l e Addi t ional R e s u l t s 

1. P lo t of t e m p e r a t u r e vs t i m e 

2. P lo t of power dens i ty vs t i m e 

3. Sens i t iv i ty of r e s u l t s to t i m e - s t e p length 

4. T a b u l a r r e s u l t s at s e l e c t e d t i m e po in t s . 

Bes t Solut ion A v a i l a b l e : Ana ly t ic r e s u l t . 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion : 7 -A2-1 B e n c h m a r k P r o b l e m ID.7-A2 

Date Submi t t ed : June 1972 By; R. H. B r o g l i (GGA) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted : J a n u a r y 1973 By; D. A. Mene ley (Onta r io Hydro) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e : Ana ly t ic Solut ion of P r o m p t Point R e a c t o r P r o b l e m 
with L i n e a r T e m p e r a t u r e F e e d b a c k and Cons tan t Heat 
R e m o v a l 

M a t h e m a t i c a l Model ; S a m e as that d e s c r i b e d in I D . 7 - A 1 - 1 , excep t for the 
def in i t ions 

A BP(0) 
a = —- + C A ' 

and 

T(t) = T ( 0 ) + ^ S ( x ) . ^ ^ l i ' t 

P e r t i n e n t F e a t u r e s of Solut ion Methods ; See Solution I D . 7 - A 1 - 1 

Date Solved: June 1972 

at : GGA 

R e f e r e n c e s : S e e I D . 7 - A l - l 

R e s u l t s 

P e r i o d of power dens i ty o sc i l l a t i on = 0.8162 sec 

M a x i m u m power dens i ty = 6562.0 w / c m ' 

T e m p e r a t u r e r i s e per per iod = 408.11°C. 
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BENCHMARK P R O B L E M SOLUTION 

Ident i f ica t ion: 1-Al-l B e n c h m a r k P r o b l e m ID .7 -A2 

Date Submi t t ed : May 1971 By: W. H. Kohle r and 
R. T. P e r r y ( T e x a s A&M) 
(Name and O r g a n i z a t i o n ) 

Date Accep ted : J a n u a r y 1973 By; D. A. Mene ley (On ta r io Hydro) 
(Name and O r g a n i z a t i o n ) 

D e s c r i p t i v e T i t l e ; A I R E K 3 ' F i n i t e - d i f f e r e n c e Solut ion with Cons tan t Heat 
R e m o v a l 

M a t h e m a t i c a l Model : See Ref. 1. 

P e r t i n e n t F e a t u r e s of Solut ion M e t h o d s : See Solut ion I D . 7 - A l - 3 

Compu te r ; IBM 3 6 0 / 6 5 Date Solved; May 1971 

a t : T e x a s A&M 

P r o g r a m : AIREK3 

R e f e r e n c e 

1. L. R. Blue and M. Hoffman, G e n e r a l i z e d P r o g r a m for the 
N u m e r i c a l Solut ion of Space Independen t R e a c t o r Kine t i c s E q u a t i o n s , 
A t o m i c s I n t e r n a t i o n a l Documen t AMTD-131 (1963). 

Resu l t s 

P e r i o d of power dens i t y o s c i l l a t i o n = 0.817 s ec 

Maxiniun-i power dens i t y = 6558 w / c m ' 

T e m p e r a t u r e r i s e p e r pe r iod = 408.07°C 
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